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Asymptotic Behaviour and Correctors for
Dirichlet Problems in Perforated Domains
with Homogeneous Monotone Operators

GIANNI DAL MASO - FRANCOIS MURAT

0. — Introduction

In this paper we study the asymptotic behaviour of the solutions of some
nonlinear elliptic equations of monotone type with Dirichlet boundary condi-
tions in perforated domains. Let © be a bounded open set in RV, and let

A: Hol’p(Q) — H~19() be a monotone operator of the form
Au = —div(a (x, Du)),

where 1 < p <400, 1/p+1/g =1, and a: QxRY — RV satisfies the clas-
sical hypotheses: Carathéodory conditions, local Holder continuity, and strong
monotonicity (see (1.4)—(1.7) below). We suppose, in addition, that a(x, -) is
odd and positively homogeneous of degree p — 1. Given a sequence (£2,) of
open sets contained in 2, we consider for every f € H~19(Q2) the sequence
(uy,) of the solutions of the nonlinear Dirichlet problems

0.1 un € HyP (),  Aup=f in D'(Q).

We extend u, to Q by setting u, = 0 on Q\€2,, and we consider (¥,) as a
sequence in Hol 'P(2). The problem is to describe the asymptotic behaviour of
the sequence (u,) as n tends to infinity.

The main theorem of the paper is the following compactness result (The-
orem 6.6), which holds without any assumption on the sets €2,. For every
sequence (£2,) of open sets contained in €2 there exist a subsequence, still de-
noted by (£2,), and a non-negative measure p in the class Mg (2) such that
for every f € H~19(Q) the solutions u, of (0.1) converge weakly in Hol P(Q)
to the solution u of the problem
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ue HyP(Q) NLE(Q),
0.2) _2 L
(Au, v) +/ [ulP~*uvdu = (f,v) Yve Hy (2)NLIRQ).
Q

Here (-,-) denotes the duality pairing between H -L4(Q) and H(}’p (2), while
M{)’ (2) is the class of all non-negative Borel measures on 2 with values in
[0, +00] which vanish on all sets of (1, p)-capacity zero. Moreover, we prove
(Theorem 6.8) that (u,) converges to u strongly in Hol”(Q) for every r < p,
and that (a (x, Du,)) converges to a (x, Du) weakly in L7(Q, R") and strongly
in L5(Q, RY) for every s < g. Finally the energy (a (x, Du,), Dun) converges
to (a (x, Du) , Du) + |u|Pn weakly* in the sense of Radon measures on £2.

To prove this compactness result we observe (Remark 2.4) that all problems
of the form (0.1) can be written as problems of the form (0.2) with a suitable
choice of the measure u = ug, in the class Mg (2). Actually we prove
(Theorem 6.5) that, for every sequence (u,) of measures of the class Mg (),
there exist a subsequence, still denoted by (u,), and a measure u € M(’)’ ()
such that for every f € H~19() the solutions u, of the problems
0.3) .

{ u, € Hy'?(Q)n LE (),

(A, )+ [ Tl oty = (£} Vv HSP@)NLE, @)
Q .

converge weakly in HOl 'P(Q) to the solution u of (0.2).

In our proof an essential role is played by the solution w, of the Dirichlet
problem
wp € HyP(Qn),  Aw, =1 in D'(R,),

or, in the general case (0.3), by the solution w, of the problem
w, € HyP(Q)NLE (),
0.4)

(Awp, v) +/ |walP 2 wovdp, = / vdx Yve Hol’p(SZ) NLE ().
Q Q
As the sequences (u,) and (w,) of the solutions of (0.3) and (0.4) are bounded
in Ho1 'P(Q2) (Theorem 2.1), we may assume that (u,) and (w,) converge weakly
in HO1 'P(Q) to some functions u and w. By using a result of [4] we prove that
(Du,) and (Dw,) converge to Du and Dw strongly in L"(Q,RY) for every
r < p (Theorem 2.11).

The crucial step in the proof of our compactness theorem is the following
corrector result (Theorem 3.1), which is interesting in itself: if f € L*(Q),
then

0.5) Du, = Du+ uP, + R, ae. in Q,
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where 1
Py(x) = { wony (Pwn@) = Dw@), if w(x) >0,
0 ’ if w(x) = O,
and
R, — 0  strongly in LP(Q,R").

The idea of the proof is to consider the function % which, due to the
homogeneity of a(x, &), satisfies an equation similar to (0.3). We then use
U, — %ﬂ as test function in the difference of (0.3) and of this equation. Using

the strong monotonicity of a(x, §) we prove that (u, — %) tends to O strongly

in Hol 'P(Q) (Theorem 3.7). Actually the previous description of the proof is
not accurate, because in general w can vanish on a set of positive Lebesgue
measure. For this reason we are forced to replace “;% by -*2 with & > 0, and
to consider separately the sets where w > € and w < ¢ (Lemmas 3.4, 3.5, 3.6).

Another important step in our proof is the construction of the measure u,
which depends only on w and on the operator A. We prove (Section 5) that
v = 1—Aw is a non-negative Radon measure on  which belongs to H~14(),

and we define the measure u by

dv )

0.6) u(B) = { Jwre i GBAw=0p =0

400, if C,(BN{w=0}) >0,
where C,(E) is the (1, p)-capacity of E with respect to Q2. We prove also that
this measure belongs to Mg (2) (Theorem 5.1).
* It remains to prove that u coincides with the solution of (0.2) corresponding
to the measure pu defined by (0.6). To give an idea of this part of the proof,
we assume now that 2 < p < 400 (the case 1 < p < 2 is more technical)
and that f € L*°(Q2) (the case f ¢ L°°(Q2) needs a further approximation).
Given ¢ € C§°(R2), we take v = w,’l’“l(p as test function in (0.3). We would

like to take v = |%|p -2 %w{,’“lq) as test function in (0.4). This is not always
possible, thus as before we replace w by w Vv ¢ for some ¢ > 0 and we take

v= |$ P2 #w},"lq) as test function in (0.4). Subtracting the two equations

we obtain
-2

u
——wllp)

(Aun, w2 o) — (Awy,

wVe
+/|un|p_2unwr,,)_l¢dﬂn _/
Q Q

p—2
=/fwf_l(pdx —/
Q Q

Using (0.5) and the homogeneity of A, as well as some technical lemmas proved
in Section 4, we pass to the limit first as n — oo and then as ¢ — 0, obtaining

(Au, wP™ ') — (Aw, [u|P">up) = / fwPlpdx — / lulP~2 updx .
Q Q

~wl o du,

wVe wve "

u

wPpdx .

wVe wVe
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As by definition v =1 — Aw, we get
(Au, wPlg) + /Qlul”‘2u(pdv = /wa”_lfpdx,
and thus (0.6) gives
(Au, wPlp) + /Qlulp_zuw”_lgodu = /wap_l(pdx Vo € C°(R) .

Since the set {w? lp : ¢ € C§(2)} is dense in Hol’p(Q)ﬂLﬂ(Q) (Proposi-
tion 5.5), it follows that u is the solution of (0.2).

In the case 1 < p < 2 the main difficulty lies in the fact that the function
lu|P~2u does not belong to Hy'¥ () NL®(R) for every u € Hy'”(R) NLX(R).
We solve this problem by considering a suitable locally Lipschitz modification,
near the origin, of the function ¢ > |#|P~2 ¢, which enables us to complete the
proof following the ideas of the case 2 < p < +o00.

When p =2 and A is a symmetric linear elliptic operator, the compactness
result proved in the present paper has already been obtained by I'-convergence
techniques in [2], [1], [23], [7], [39]. These results were recently extended to
the vectorial case by [27].

When 1 < p < +0o0 and A is the subdifferential of a convex functional
V(u) = fQ ¥ (x, Du) dx defined on HOI’P(Q), with ¥ (x, -) even and positively
homogeneous of degree p, the compactness result was proved in [20] by I'-con-
vergence techniques. The general case where ¥ (x, -) is not homogeneous can be
obtained by putting together the results of [2], [15], [16] on obstacle problems.
Further reference on this subject can be found in the book [18] and in the
recent paper [21], which contains a wide bibliography on the linear case.

Another method used in the study of this type of problems was introduced
in [31] and [37], where the asymptotic behaviour of the solutions of (0.1) in
the linear case was investigated in various interesting situations, under some
assumptions involving the geometry or the capacity of the closed sets Q\£2,.
The case of general Leray-Lions operators in Hol 'P(Q), with A possibly non
homogeneous, was treated in [40]-[45], [32], [26] under similar assumptions.

The linear case was also investigated in [14] by using test functions as in
the energy method introduced by Tartar [46] in the study of homogenization
problems for elliptic operators. In this paper some restrictive hypotheses on
the sets 2, were made in terms of the test functions, and a corrector result
was obtained. The same method was then extended to a more general situation
including also the case where 1 < p < +00 and A is the p-Laplacian (see [2],
[33], [38], [11]). The linear problem with a perturbation with quadratic growth
with respect to the gradient was recently solved in [8] and [9].

A new decisive step was achieved in [21], where a compactness result
without any hypothesis on the sets (£2,) was proved in the (not necessarily
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symmetric) linear case by introducing a new sequence of test functions which
were defined as the solutions of equations (0.4) above with p = 2. Our paper
follows the same lines as far as the test functions are concerned, but presents
an alternative method of proof for the compactness and corrector results.

In conclusion, the compactness result proved in the present paper is new
when the homogeneous monotone operator A is nonlinear and is not the sub-
differential of a convex functional. The corrector result, the strong convergence
of the solutions u, in H(}"(Q) for r < p, and the convergence of the fields
a (x, Du,) are new for all nonlinear homogeneous monotone operators, including
the case of subdifferentials of convex functionals: they are indeed obtained
without any hypothesis on the sets €2,.

An expository version of the present work, restricted to the case p =2 and
including also a simplified, but almost self-contained version of the proofs, has
been published in [25].

The results of the present paper have recently been extended to the case
of a monotone operator without homogeneity conditions in [10] and in [12],
where the case of systems is also solved.

1. — Notation and preliminary results

Sobolev spaces and capacity. Let us fix a bounded open subset 2 of RV and two
real numbers p and g, with 1 < p <400, 1 <g <+o00, and 1/g+1/p = 1.
The space D'(S2) of distributions in € is the dual of the space C3°(S2). The
space Ho1 P(Q) is the closure of C{°(R2) in the Sobolev space H L.P(Q), and the
space H~14(Q) is the dual of H(}’p(Q). On H(}’p(SZ) we consider the norm

ull? =/|Du|de,
Hr@  Jo

and H~19(Q) is endowed with the corresponding dual norm.
For every subset E of Q the (1, p)-capacity of E in Q, denoted by C,(E),
is defined as the infimum of fg |Du|? dx over the set of all functions u €

H}P(Q) such that u > 1 a.e. in a neighbourhood of E.

We say that a property P(x) holds quasi everywhere (abbreviated as g.e.)
in a set E if it holds for all x € E except for a subset N of E with C,(N) = 0.
The expression almost everywhere (abbreviated as a.e.) refers, as usual, to the
Lebesgue measure. A function u: Q2 — R is said to be quasi continuous if for
every ¢ > 0 there exists a set A C Q, with C,(A) < ¢, such that the restriction
of u to 2\ A is continuous.

It is well known that every u € H"P(2) has a quasi continuous represen-
tative, which is uniquely defined up to a set of capacity zero. In the sequel
we shall always identify u with its quasi continuous representative, so that the
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pointwise values of a function u € H"?(Q2) are defined quasi everywhere in Q.

We recall that, if a sequence (u,) converges to u strongly in HO1 "P(Q), then a
subsequence of (u,) converges to u q.e. in Q2. For all these properties of quasi
continuous representatives of Sobolev functions we refer to [47], Section' 3,
and [30], Section 4.

A subset U of Q is said to be quasi open if for every ¢ > 0 there exists
an open subset V of Q, with C,(V) < ¢, such that U UV is open.

We shall frequently use the following lemma about the approximation of
the characteristic function of a quasi open set. We recall that the characteristic
function 1; of a set £ C Q is defined by 15(x) = 1, if x € E, and by
1;(x) =0, if x € Q\E. :

LemmA 1.1. For every quasi open subset U of S2 there exists an incredsing
sequence (v,) of non-negative functions of Hol 'P(Q) which converges to 1, quasi
everywhere in Q.

ProoF. See [16], Lemma 1.5, or [21], Lemma 2.1. |

Measures. By a Radon measure on Q2 we mean a continuous linear functional
on the space Cy(£2) of all continuous functions with compact support in ..It
is well known that for every Radon measure A there exists a countably additive
set function u, defined on the family of all relatively compact Borel subsets of
2, such that A(u) = fﬂudu for every u € Cy(2). We shall always identify
the functional A with the set function u.

By a non-negative Borel measure on 2 we mean a non-negative, countably
additive set function defined in the Borel o-field of 2 with values in [0, +00].
It is well known that every non-negative Borel measure which is finite on all
compact subsets of €2 is a non-negative Radon measure. We shall always identify
a non-negative Borel measure with its completion (see, e.g., [28], Section 13).
If u is a non-negative Borel measure on €2, we shall use L;(Q), 1<r <+4o0,
to denote the usual Lebesgue space with respect to the measure pu. We adopt’
the standard notation L”(£2) when u is the Lebesgue measure.

We denote by M5 (2) the set of all non-negative Borel measures u on
such that

(1) u(B) =0 for every Borel set B C Q2 with C,(B) =0,

(i) w(B) = inf{u(U) : U quasi open, B C U} for every Borel set B C Q.
Property (ii) is a weak regularity property of the measure p. Since any quasi
open set differs from a Borel set by a set of C,-capacity zero, every quasi open
set is u-measurable for every non-negative Borel measure p which satisfies (i).
Therefore w(U) is well defined when U is quasi open, and condition (ii) makes
sense.

REMARK 1.2. Our class M(’)’ (2) coincides with the class M;(Q) introduced

in [20]. It is slightly different from the classes M, and M(’,’ (2) considered
in [19] and [36], where condition (ii) is not present. It is well known that
every non-negative Radon measure satisfies (ii), while there are examples of
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non-negative Borel measures which satisfy (i), but do not satisfy (ii). Condition
(ii) will be essential in the uniqueness result given by Lemma 5.4, which is

used in the proof of the uniqueness of the y“-limit (Remark 6.4). O
For every open set U C Q we consider the Borel measure puy defined by
0, if C,(B\U) =0,
(1.1) py (B) ={ "
00, otherwise.

As U is open, it is easy to see that this measure belongs to the class M5 ().
The measures pwy will be useful in the study the asymptotic behaviour of
sequences of Dirichlet problems in varying domains (see Remark 2.4 and The-
orem 6.6).

If ue M{)' (R2), then the space H(} @) N LE(S) is well defined, since all

functions in Hol'p (2) are defined w-almost everywhere in Q. It is easy to see

l,p . . p
that Hy" () N L2 (2) is a Banach space with the norm ||u =
0P @ NLL@ p LA

P P .
||u||H(;,p(Q) + "u”Lﬁ(sz) (see [5], Proposition 2.1).

Finally, we say that a Radon measure v on  belongs to H~19(Q) if there
exists f € H~19() such that

(12) (fr0) = /Q pdv Ve CEQ),

where (-,-) denotes the duality pairing between H~19() and Hol’p (Q). We
shall always identify f and v. Note that, by the Riesz theorem, for every non-
negative functional f € H~19(Q2) there exists a non-negative Radon measure v
such that (1.2) holds. It is well known that every non-negative Radon measure
which belongs to H~19(Q) belongs also to M} ().

The monotone operator. Let a: QxRY — RY be a Borel function satisfying the
following homogeneity condition:

(1.3) a(x,t&) =t ta(x, )

for every x € Q, for every t € R, and for every & € RY, with the convention
[tP2t =0fort=0and 1 < p <2. In the case 2 < p < +00 we assume
that there exist two constants ¢y > 0 and c¢; > O such that

(1.4) (ax, &) —ax,&).& —&) > colér — &I7,
(1.5) la (x, &) —ax, &) | < ai(&]+ 161716 — &

for every x € Q and for every &, & € R, where (-,-) denotes the scalar
product in RY. In the case 1 < p <2 we assume that there exist two constants
co > 0 and ¢; > 0 such that

\%

1.6)  (a(x,&)—a(x, &), &6 —&) > (&l + &) 21E - &2,
(1.7) la (x,&1) —a(x,6)] < cil& — &P
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for every x € Q and for every &, & € RV with & # &.
In particular, (1.3) implies that

(1.8) a(x,—§)=-a(x,§)

for every x € Q and for every £ € R, hence

(1.9) a(x,00=0

for every x € Q, while (1.4)-(1.7) and (1.9) imply that

(1.10) (a(x,8),€) > col§l?,
(1.11) la(x,£)] < c]g|P!

for every x € Q and for every £ € RV,
We now define the operator A:H'”(Q) — H™'9(Q) by Au =
—div(a (x, Du)), i..,

(1.12) (Au,v) = / (a (x, Du), Dv) dx
Q

for every u € H"P(2) and for every v € HOI”’(SZ).

This operator is strongly monotone on Hol 'P(Q). The model case is the
p-Laplacian —A,u = —div(|Du|?~> Du), which corresponds to the choice
ax,&) = |§|”‘2§-‘ . Conditions (1.4)-(1.7) are satisfied in this case, since

(1.13) (11177281 — 6172 6, &1 — &) > 227P|E — &P,
|1E11P72 8 — 1617728 | < (p— D&+ &))" 16 - &

for 2 < p < 400, while

1L14)  (61P72 8 — 18P 26, 6 — &) > (&1 +1&1)7 16 — &7,
[1E11P72 & — 16772 & | < 227P|E — &P

for 1 < p <2 and & #&,.
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2. — Relaxed Dirichlet problems

Estimates for the solutions. Let u € M§(Q), f € H -14(Q), and let A be the
operator defined by (1.12). We shall consider the following relaxed Dirichlet
problem (see [22] and [23]): find u such that

u e Hy'P(2) NLE(Q),
2.1 s 1Lp
(Au, v)+/ [ulP"“uvdu = (f, v) Vv eH, (Q)ﬂLl’:(Q).
Q

The name “relaxed Dirichlet problem” is motivated by Theorem 6.6 and is
generally adopted for this kind of problems (see also the density results proved
in [23] and [22]). More generally, given ¢ € H l’1’($2)|’1L/1’1(Q), we shall
consider the following problem: find u such that

ue HWP(QNLAQ), u—yeHP(Q),
(22) L .
(Au, v) +/ P uvdp = (f,v)  VveHyP(Q)NLESQ).
Q

The existence of a solution of (2.2) is given by the following theorem.

THEOREM 2.1. Let p € M{(Q), ¥ € H'"?(Q) N LA (Q), and f € H™14(Q).
Then problem (2.2) has a unique solution. Moreover the solution u of (2.2) satisfies
the estimate

(2.3) |DulPdx+ [ [ulPdu < C (IIf1I% 14,0, + [ |DV¥IPdx+ [ |¥|Pdu),
Q Q H=H@) - Jq Q

where C is a constant depending only on p, cy, c;.

ProOF. Let B:HOI”’(Q) NLH(Q) — (Hol’p(Q) ﬂLﬁ(Q))/ be the operator
defined by

(Bz,v) = (Az +¥), ) + /Q 2+ Y172+ Yvdp

for every z,v € HO1 PN Lﬁ(Q). It is easy to see that B is monotone, continu-
ous, and coercive. As f can be identified with an element of (H(: Q)N Lﬁ(Q))/,
there exists a solution z € HO1 P@)n LZ(Q) of the equation Bz = f in
(H(}‘p(Q) N Lﬂ(Q))' (see, e.g., [35], Chapter 2, Theorem 2.1). It is clear that
u = z+ ¢ is a solution of (2.2). The uniqueness follows easily from the
monotonicity conditions (1.4), (1.6), (1.13), and (1.14) by a standard argument.

Let us prove the estimate (2.3). If we take v = u — ¢ as test function
in (2.2), we obtain

(Au,u— ) + /Q|u|"—2u(u —Wdp=(fou—v).
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Therefore, by the coerciveness condition (1.10) and by the boundedness condi-
tion (1.11) we have

Co/lDulpdx +/|u|”du < W flyraco e — ¥l 1
o o 9@ P @

1/q9 1/p
14 )4
+a (/Q'D“' d") (/Q'D"" d")
1/q 1/p
p p
+</Q | du) (/an du) ,

which implies (2.3) by Young’s inequality. O

The following lemma will be used to prove the continuous dependence
on f of the solution of (2.2).

LEMMA 2.2. Let u € M{(Q), let uy, uy € H"P(QNLE(R), let ¢ €
HUP(Q) N L®(Q) withg > 0gq.e. in Q. If2 < p < 400, then

60/ |Duy — Dus|Ppdx + 22“’/ lur —uz|Podu

Q Q

2.5) < /(a(x,Dul)—a(x, Dus), Duy — Duz) ¢ dx
Q

[ 17 = ol )y = g .
If1 < p <2, then

2/p 2/p
¢ (/ IDu1—Du2|p<de> + (/ Iul—uzl”quu)
Q Q

(2.6) < K(ul,uz,so)/ (a (x, Duy) — a (x, Duy), Duy — Duy) p dx
Q

+ K (ui, uz, ¢) /Q(lul|p_2”1 — ua|P " uz) (U1 — u)p dp,
where K (uy, uy, @) stands for

2-p)/p
2 (/ lDull”<de+/ Iull”<pdu+/ IDuzlp¢dX+/ qul”(/)dM) .
Q Q Q Q

Proor. If 2 < p < 400, (2.5) follows from the monotonicity conditions
(1.4) and (1.13). Let us consider now the case 1 < p < 2. Let z = u; — us.



MONOTONE DIRICHLET PROBLEMS IN PERFORATED DOMAINS 249

By the monotonicity condition (1.6) and by Holder’s inequality we have

& [ 1Delrpdx
Q

2-p)/2
(/Q(IDull + |Du2|)”<pdx)
. (Co/ (I1Duy| + |Du2|)p“2|DZ|2¢dx)
Q

(2—-p)/2
2(p=D@2-p)/2 (/ |Dui|Podx + / IDuzI"¢dX)
Q Q

p/2
. (/ (a(x,Dul)—a(x,Duz),Dz)(pdx) .
Q .

IA

p/2

IA

Since 2(P~DC-P)/P - 2 we obtain

2/p
co (/ |Dz|pgodx)
Q
@2-p)/p
2.7 <2 (/ |Dui|Podx + / IDuzlpgodx)
Q Q

. / (a (x, Duy) —a (x, Duy), D7) pdx .
Q

By (1.14) and by Holder’s inequality we have

2—-p)/2
/lel”rpdu < (/Q(|ul|+|u2|)p(0dﬂ>
=2, 1 p/2
-(/Q(|u1|+|uz|) 1 wdu>

2-p)/2
< 2r/? (/Q lui|Ppdp + /Qluzl”codu>

2 2 %
. (/ (lur1P=2 uy — |ug|?~ uz)wdu> .
Q

2/p
( / |z|"<pdu)
Q
Q2-p)/p
23) <2 ( / luilPodu + / qu1”de>
Q Q

- / (url? 2 uy = lualP~2u2) 20 dp.
Q

Thereforé

The conclusion follows now from (2.7) and (2.8). O
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The following theorem shows that the continuous dependence on f of the
solutions u of (2.2) is uniform with respect to u.

THEOREM 2.3. Let p € M{(Q), let ¥ € H"P(Q) NLE(RQ), let fi, f, €
H~19(Q), and let uy, uy be the solutions of (2.2) corresponding to f = fi and
f=fo. If2 < p < +o00, then

_ p _ p < _ q
(2.9 [lues uzllH&,p(Q)+llu1 uzIILZ(Q)_CIIfl Fllg-140) -

where C is a constant depending only on p and cy. If 1 < p <2, then

@10) llur =210 + Wi —sllp g, < CTCf1 for i~ folly-ragey
where
L(fi. f2. W)

22-p)/p
- ( LA ragy + 1y gy + [ 1DVPax + [ wflpdu) ,

and C is a constant depending only on p, cy, c1.

Proor. If we use v = u; — u, as test function in the problems solved by
by u; and u,, and if we subtract the corresponding equalities, we obtain

(Auy — Aup, uy — uz) + / (lurlP~2 uy — lual? "2 ua) (uy — uz) dp
2.11) o
= (fi— foour —u2) < Ilfi — follg-14g)llur — u2||H;,p(Q)-

If 2 < p <+o0, from (2.5) and (2.11) we obtain

p 2—p p
collur —u 2 Uy—u < — - uy—u ,
ollu 2||H01,,,(m+ llur ZHLZ(Q) < Ifi—= fallg-1a.gllur 2”H&*"(9)

which implies (2.9) by Young’s inequality.
Let us consider now the case 1 < p < 2. From (2.6) and (2.11) we obtain

2 1
P
Hy'? (@)

< K(@ui,uz, D fi = follg-1.4(q) llu1 — uzllHol,p(Q),

2
co llur — uz| + llur —u2llip g

(2.12)

where the constant K (up, u;, 1) is given by Lemma 2.2. By (2.3) we have
K(ui,uz, 1) < CT(f1, fo, ¥), and thus (2.10) follows from (2.12) by Cauchy’s
inequality. O
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A connection between classical Dirichlet problems on open subsets of €2
and relaxed Dirichlet problems of the form (2.1) is given by the following
remark.

REMARK 2.4. If U is an open subset of €2, and v is a function of HO1 P(Q)

such that v = 0 g.e. in Q\U, then the restriction of v to U belongs to HO1 ()
(see [3], Theorem 4, and [29], Lemma 4). Conversely, if we extend a function

veE HOI 'P(U) by setting v = 0 in Q\U, then v is quasi continuous and belongs to
HO1 "P(Q). Therefore, if u is the measure uy introduced in (1.1), then a function
u in HO1 'P(Q) is the solution of problem (2.1) if and only if the restriction of u
to U is the solution in of the classical boundary value problem
ue HyP(U), Au=f inDU),

and, in addition, u =0 q.e. in Q\U. d
Comparison principles. The solutions of relaxed Dirichlet problems satisfy the
comparison principles given by the following propositions.

PROPOSITION 2.5. Let u € Mg (Q), let f € H~19(Q), and let u be the solution
of problem 2.1). If f > 0in 2, thenu > 0 g.e. in Q.

ProoF. Let v = —(u A0). Then v € Hol‘p(Q) NLE(2) and v > 0 gee. in
Q. Since |u|P2uv <0 g.e. in Q and (f,v) > 0, taking v as test function
in (2.1) we obtain (Au, v) > 0. Since Dv = —Du a.e. in {u <0} and Dv =0
a.e. in {u > 0}, by the coerciveness condition (1.10) we have

collvl?,, = co/ |Du|Pdx 5/ (a(x, Du), Du)dx = —(Au,v).
Hy™ () {u<0) {u<0)

As (Au,v) > 0, we obtain that v =0 q.e. in €2, hence u > 0 g.e. in Q. O

PROPOSITION 2.6. Let fi, fa be Radon measures of H=19(R), let w1, puy €
Mg (2), and let uy, uy be the solutions of problem (2.1) corresponding to fi, w1
and f5, . Assume that 0 < fo, fi < fo, and pz < py in Q. Then u; < uy g.e.
in Q.

Proor. By Proposition 2.5 we have that u; > 0 ge. in Q. Let v =
(w1 —up)*. Since 0 <v < u]" and py < uy, we have v € Lﬁl(Q) < Lﬁz(Q)‘

As [oluzlP 2 uvdp, < Jo luz|P2usvduy, taking v as test function in the
problems solved by u; and u, and subtracting the corresponding equalities, we
obtain

(Auy — Auy, v) + /Q (lurlP 2wy = w2l uz)vdps < (fi — fo,v) < 0.
Since (|u11P?us — |uzlP"2uz)v > 0 ge. in Q by (1.13) and (1.14), we get
(A(uz +v) — Auz, v) = (Au; — Aup,v) < 0.

From the monotonicity conditions (1.4) and (1.6) it follows that v = 0 g.e. in
2 and, consequently, u; < u; q.e. in . (]
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PROPOSITION 2.7. Let fi, f» be Radon measures of H=19(R), let w1, pp €
M(')' (R2), and let uy, uy be the solutions of problem (2.1) corresponding to f, pu;
and fo, po. If | f1l < faand py < @y in Q, then |uy| < uj gq.e. in Q2.

Proor. By Proposition 2.6 we have u; < up q.e. in Q. By (1.8) the
function —u; is the solution of (2.1) corresponding to — f and w,, and so, by
Proposition 2.6, we have also —u; < u; g.e. in Q. O

Estimates involving auxiliary Radon measures. We consider now some further
estimates for the gradients of the solutions # of (2.2) and for the corresponding
fields a (x, Du). We begin by proving that, if f € L7(S2), then the solutions
of (2.2) are actually solutions, in the sense of distributions, of a new equation
involving a Radon measure A, which depends on u, u, f, and whose variation
on compact sets can be estimated in terms of || f|lLe(e) and ||Dul| LP(Q.RY)

PROPOSITION 2.8. Let u € M(’,’ (RQ), let f € L1(R2), and let u be the solution
of problem (2.2) for some ¥ € H'"P(Q) N LE(S2). Let A, Ay, A2 be the elements of
H~Y9(Q) definedby Au+A = f, Aut)+r1 = f+, A(—u")— Ay = —f~. Then
A, A1, Ay are Radon measures, A1 > 0, Ay > 0, A = Ay — Ay, and |A| < Ay + Ap.
Moreover for every compact set K C Q we have

(2.13) IA(K) < Cp(K)'P (2C]||Du”{;(19’RN) + Cp,Q"f"Lq(Q)) .

where cy is the constant in (1.11) and c, q is a constant depending only on p and 2.

PrOOF. Let v € Hy'P(2) with v > 0 qe. in © and let v, = (2v) Au™.
Then v, > 0 qe. in © and v, € Hy'P(Q) NLE(R). As [ul”2uv, > 0 ge.
in Q and fv, < f*v, ae. in , by taking v, as test function in problem (2.2)
we obtain (Au,v,) < [o ftu.dx < %fﬂ ftvdx. Since Dv, = %Dv a.e. in
{v < nut*} and Dv, = Dut ae. in {v > nut}, we have

1 1
—/ (a(x, Du),Dv)dx+/ (a(x,Du), Dut)dx < —/ ffvdx.
n J<nut) {v>nut) nJjo

As (a (x, Du), Du*) = (a (x, Du™), Du*) > 0, we get

/ (a(x, Du), Dv)dx < /f+vdx.
{v<nut) Q

Taking the limit as n — 0o, we obtain

/ (a(x, Du), Dv)dx < /f+vdx.
{ut>0) Q

Since Dut = Du a.e. in {u* > 0} and Dut =0 ae. in {u*t = 0}, from (1.9)
it follows that

(a (x, Du%), Dv)dx < / ffvdx
Q Q



MONOTONE DIRICHLET PROBLEMS IN PERFORATED DOMAINS 253

for every v € Hol'p () with v > 0 g.e. in . This implies that A; > 0, hence
A1 is a Radon measure.

In a similar way we deduce that A, is a non-negative Radon measure.
By (1.9) we have Au = A(u™) + A(—u~), hence A = A; — A,, which implies
|A] < A1+ A2. By the upper bound (1.11) we have

-1
Iilg-tagy < €t Dut 175 oy +C 1oy

where C depends only on p and 2. The same estimate holds for A,. To
prove (2.13), for every ¢ > 0 we fix a function z € Hol’p (2) such that z >0
ge. in 2, z > 1 q.e. in a neighbourhood of K, and ||z||f11,p | < Cp(K) +&.

o (%
Then

[A(K) < /zdxl + /zdxz
Q Q

< eyt gy (IR1lg-ta@ + ally-ta)

2(CpK) +2) P (el Dulll i vy + CIf lLac@)) -

IA

Taking the limit as ¢ — 0 we obtain (2.13). O

REMARK 2.9. Under the assumptions of Proposition 2.8, if f > 0 then
u = ut (Proposition 2.5) and A = A;. Therefore in this case A > 0 and hence
Au < f in Q in the sense of H~14(Q). O

The following theorem, together with Proposition 2.8, will be used in the
proof of the main result of this section (Theorem 2.11): if u, are the solutions
of (2.2) corresponding to some measures U, € M(’,’ (), and (u,) converges
weakly in H'?(Q), then (u,) converges strongly in H'" () for every r < p.

THEOREM 2.10. Let (g,) be a sequence in H™14(R), let (A,) be a sequence
of Radon measures, and, for everyn € N, let u, € H'P(Q) be a solution of the
equation

Aup, =g+ i, inD(RQ).

Assume that (u,) converges weakly in H'“P(Q) to some function u, (g,) converges
strongly in H=19(2), and (A,) is bounded in the space of Radon measures, i.e., for
every compact set K C Q2 there exists a constant Cg such that

A (K) < Ck Vn e N.
Then (u,) converges to u strongly in H'" (Q2) for every r < p, and (a (x, Du,,))

converges to a (x, Du) weakly in L1(2, RY) and strongly in L*(2, RV) for every
s <gq.
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Proor. By Theorem 2.1 of [4] the sequence (u,) converges to u strongly
in H'(Q) for every r < p. Let us fix a subsequence, still denoted by (u,),
such that (Du,) converges to Du pointwise a.e. in Q. As a (x, -) is continuous,
we deduce that (a (x, Du,,)) converges to a (x, Du) pointwise a.e. in Q. By
the upper bound (1.11) this sequence is bounded in L7(2, R), and so, by the
dominated convergence theorem, (a (x, Du,,)) converges to a (x, Du) weakly in
L9(Q2,RY) and strongly in L*(2, RY) for every s < g. O

As a consequence of Proposition 2.8 and Theorem 2.10 we have the fol-
lowing result.

THEOREM 2.11. Let (g,) be a sequence in H~"9(Q2) which converges strongly
tosome g € H19(Q), let (u,) be a sequence in Mg (R2), and let (yr,,) be a sequence
in HYP(Q) such that fQ [¥nlPd, < M for a suitable constant M independent
of n. Assume that the solution u, of (2.2) corresponding to &t = Un, [ = gn,
V¥ = ¥, converges weakly in H"P(Q) to some function u. Then (u,) converges
to u strongly in H"(Q) for everyr < p, and (a (x, Duy)) converges to a (x, Du)
weakly in L1(Q2, RY) and strongly in L*(Q2, RY) for every s < q.

Proor. Given ¢ € ]0,1[, we fix a function A € L9(Q2) such that
1k — gll H-lag) <€ and we consider the solutions z, of (2.2) corresponding
to U= W,, f =h, ¥ =¢,. By Theorem 2.3 we have

2.14) len ~ tall yi.pigy < C b= 8allf-1 gy

where « = 1/(p—1) for p>2and @ =1 for 1 < p <2, while C is a constant
depending only on p, co, c1, M, sup, [Ignll-1.4(g)- This implies, in particular,
that (z,) is bounded in H?(S2). Therefore, passing to a subsequence, we may
assume that (z,) converges weakly in H L.P(Q) to some function z, and (2.14)
gives

o

(2.15) ||z—u||Hé,p(Q) < Clh—gly-14¢ < C&"-

By Proposition 2.8 there exists a sequence (A,) of Radon measures of H~19(Q)
such that Az, + A, = h in Q. By (2.13) for every compact set K C Q the
sequence (|A,|(K)) is bounded. Therefore Theorem 2.10 implies that (z,)
converges to z strongly in H'" () for every r < p. Using Poincaré’s and
Holder’s inequalities we obtain

”un—’u"HlJ(Q) =< Cp,Q”un_Zn "Hé’p(ﬂ) + ”Zn“Z"Hl,r(g) + Cp,szllz—ull,,(;,pm) ,

which, together with (2.14) and (2.15), gives

limsup [lu, — ullgirg) < 2CpaCe”.
n—>oo

As ¢ is arbitrary, we obtain that (u,) converges to u strongly in H!7 (). The
convergence of (a (x, Duy,)) to a (x, Du) can be proved as in Theorem 2.10.0
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3. — Corrector result

Definition of the corrector. Let (u,) be a sequence of measures of M(’)’ (2) and
let f € L*(S2). For every n € N let us consider the solution u, of the problem

un € HyP(Q)NLL (),
(A, 0) + [ tal? 2ty
(3.1) n ;

=/vadx VveHol’p(Q)ﬂL,’:n(Q)-

By estimate (2.3) the sequence (u,) is bounded in HO1 'P(Q), thus we may assume

that (u,) converges weakly in HO1 'P(Q) to some function u. By Theorem 2.11
the sequence (Du,) converges to Du weakly in LP(Q,RY) and strongly in
L™ (Q,RY) for every r < p.

We shall improve this convergence of the gradients and we shall obtain
their strong convergence in L?(2, RY) by means of a corrector: we shall define
a sequence of Borel functions P,:2 — RV, depending on the sequence (u,),
but independent of f, u, u,, such that, if R, is defined by

(3.2) Du, = Du+uP, + R, ae. in Q,

then the sequence (R,) converges to O strongly in L?($2, RV). This fact means
that the oscillations around Du of the sequence of the gradients (Du,) are
determined, up to a remainder which tends to O strongly in L?(2, RV), only
by the values of the limit function # and by the sequence of correctors (P,),
which depends only on the sequence (w,).

In order to construct P,, let us consider for every n € N the solution w,
of the problem

w, € HyP(Q N LY (),
(Awy, v) + / |wnl?2 wyv
(3.3) A

=/vdx VveHy (@) NLE ().
Q

By estimate (2.3) the sequence (w,) is bounded in Hol "P(Q), thus we may

assume that (w,) converges weakly in HO1 "P(Q) to some function w. Then we
define the Borel function P,:Q — RV by

3.4 w(x)

1 .
PLx) = { ——(Dwn(x) — Dw(x)), if w(x) >0,
0, if w(x) =0.

We are now in a position to state the main theorem of this section.



256 GIANNI DAL MASO - FRANGOIS MURAT

THEOREM 3.1. Let (w,) be a sequence of measures of Mg(Q) and let f €
L*>®(R2). Foreveryn € N, let u, and wy, be the solutions of problems (3.1) and (3.3).

Assume that (u,) and (w,) converge weakly in Hol "P(Q) to some functions u and w,
and define P, and R, by (3.4) and (3.2). Then (R,) converges to O strongly in
LP(Q,RY).

REMARK 3.2. Let wg be the unique function of Hol'p (2) such that Awg =1
in Q. By the comparison principle (Proposition 2.7) and by the homogeneity

condition (1.3) we have |u,| < cw, < cwp q.e. in 2, with ¢ = ||f||ngo”(;z;),

hence |u| < cw < cwpy q.e. in Q. As wy € L*(2) (see [34], Chapter 4,
Theorem 7.1), the functions u and w belong to L*°(2), and the sequences (u,)

and (w,) are bounded in L*°(). O

REMARK 3.3. Before proving Theorem 3.1, let us observe that, if f €
L*(2), then the sequence (R,) defined by (3.2) and (3.4) converges to O
weakly in L?(Q, RY) and strongly in L"(Q, R") for every r < p. Indeed £ €
L®({w > 0}) by Remark 3.2 and

3.5 R, = Du, — Du in {w = 0},
3-5) R, = (Dup — Du) — % (Dw, — Dw) in {w > 0},

while (Du, — Du) and (Dw, — Dw) converge to 0 weakly in L?(2, RV) and
strongly in L7 (2, RY) for every r < p by the definition of # and w and by
Theorem 2.11. The result of Theorem 3.1 is thus to assert that the convergence
of (R,) is actually strong in LP(Q2, RY).

The corrector result of Theorem 3.1 is formally equivalent to the strong
convergence of (u, — “—"Z—'L) to 0 in H“?(Q). This assertion, which is only
formal since w can vanish on a set of positive Lebesgue measure, becomes
correct in H'P(U) if U is some open subset of © such that w > ¢ > 0 in U
(see Lemma 3.4 and (3.7)). O

Three lemmas. To prove Theorem 3.1 we use the following lemmas.

LEMMA 3.4. Assume that the hypotheses of Theorem 3.1 are satisfied. Forevery
€ > 0 define Us = {w > &} N {|u| > ew}. Then for every ¢ > O the functions 7~

belong to Hol'p(Q) N LE (S2) and one has

. uw, \|? P
(3.6) lim (/ Du, — D( ) dx + / d,u,,) = 0.
n—00 Us wVeE Ue

Note that wVve = w in U, and thus (3.6) implies formally that (Du, — D(%&))

converges to O strongly in L?(U,, RY). As D(*22) is not always well defined,
the rigorous formulation of the previous statement is that (3.6) yields

Uwy

Un —

wVe

Du, — ﬂDu -z (Dw,, - &Dw) — 0
w w w
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strongly in L? (U, RY). Since (%) is bounded in L*°(U,) (Remark 3.2) and (up
to a subsequence) converges to 1 almost everywhere in U, while i € L*(U,)
(Remark 3.2), we conclude that for ¢ > 0 fixed (3.6) implies

3.7 Du,, — (Du + %(Dw,, - Dw)) —50

strongly in LP(Ug, RY).

ProoF oF LEMMA 3.4. Define for every ¢ > 0 and for every n € N the

functions ww
n

u, = and 1, =u, —u;.
wVve

First step. In this step we shall prove that these functions belong to HO1 Q)N
L>*(Q)N LY () and study their convergence as n — oo for ¢ > 0 fixed.

The functions u# and 532 belong to H Lr(Q)NL>®(Q), while the sequences
(u,) and (w,) are bounded in L*°(2) (Remark 3.2) and converge to u and

w weakly in Hol’p (). Since any function in H'P(Q) N L>(S2) belongs to
L7°(Q2) for any u € Mg (), =~ belongs to L;’L"(Q). Thus u; and r; belong

wVve
to HOI”’(Q) N L®(RQ) N Lf (€2) and (u;) and (ri) are bounded in L*°()

and converge to X2 and u — Z£ weakly in Hol’p (2). By Theorem 2.11

wve wve
the sequences (u,) and (w,) converge to u and w strongly in Hol'r(Q) for

every r < p, and so (uj) converges to - strongly in Hol" (). Therefore,
passing to a subsequence, we may assume that (u,), (w,), (Du,), (Dwp,),

(Dug) converge to u, w, Du, Dw, D(ﬁ‘—’s—) almost everywhere in 2. Then
the upper bound (1.11) and the continuity of a (x,-) imply that (a (x, Du,)),
(a (x, Dwy)), (a(x, Duf)) converge to a(x, Du), a(x, Dw), a (x, D(#L%))
weakly in L9(Q,RY) and almost everywhere in Q. As u — - =0 ae. in
U,, we obtain that (r) converges to O strongly in L?(U,), (Dr,) converges
to 0 weakly in LP(U,,RY), and (a (x, Duf)) converges to a (x, Du) weakly

in L1(U,, RY).

Let us fix a function ¢ € Hol’p(SZ)ﬂL""(Q) such that 0 < ¢ <1 q.e. in £,
¢ =1 q.e. in Uy, ¢ =0 q.e. in Q\Ug, and hence Dy =0 a.e. in Q2\U,. For
instance, we can take ¢ = d>g(w)d>€(%;), where ®.:R — R is the Lipschitz
function defined by ®.(t) = 0 for ¢t < ¢, O (t) = g — 1 fore <t <2,
d.(t) =1 for t > 2¢. By the previous remarks the sequence (r;¢) converges

to 0 weakly in Hol‘p (R2) and strongly in LP(S2).

Second step. Let us define

& = / (a (x, Duy) —a (x, Dul), Dr) ¢ dx
Q

n

+ /Q(lu,.v’*z un — US| PP Ul i dpsn
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In this step we shall prove that for ¢ > 0 fixed we have

(3.8) lim £ =0.

n—>oo

For that we write £ as

£ = /Q(a (x, Duy) —a (x, DuS) , D(rip)) dx + /Qlunlp‘zunr,fcodun
_ /Q ,uf,|p—2 wriodp, — /U (a (x, Du,) —a (x, Duf,) , Dq)) ry dx

- / (a (v, Dun), D(rEp)) dx + / P2 nr 0 dpin
Q Q

(3.9) u =2
- / <a (x, Dw,,),D(r,‘f(p)) dx —/]uf,| upr @ ditn
Q wVe Q

+ / <a (x, “ Dw,,) —a (x,Dufl),D(rn”"go)) dx
Us wVe

—/U (a (x, Du,) —a (x, Dut) , Do) r: dx .

Since ¢ = 0 g.e. in Q\U,, the function z = Iﬁl')_z L belongs to Hol’p(Q)ﬂ

wVve

L*(€2). This is trivial if p > 2. When 1 < p < 2 it is enough to observe that
z = We(5;) ¢, where W, is the locally Lipschitz function defined by (4.3)
below. By the homogeneity property (1.3) we obtain

u
— /Q (a <x, w—\/—ng,,) , D(r,fgo)) dx
u P72 u
= — Dw,), Dt d
. /Q<a(x, wn) ‘wva wVe (rn<p)> *
u P72 u
= = ,Dw,), D £ d
/n(a(x Wn) ('wvg wVEr”¢)) *

u u |P?
+(p_l)/y (a(x’Dw")’D<wVS))'w\/e

€
r,pdx.
u |P—2 u ré

wVve wve n

u
—/Q (a(x,Dw,,),D(’w\”3

e|P—2 ¢ ¢
‘/ unl unrngodun
Q
u

/ . S
Ue

@ in (3.3) we get

=z
” vgr,f(p)) dx

As wy - = uf, taking v = |

£
r,pdx,
£

wVe w Vv
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and so, taking v =rf¢ in (3.1), from (3.9) we obtain

&, =/ fripdx -—/
Ug Ug

+ (-1 @uJM»J%:“))lulfﬁww
Ue wVe wVe

+ (a (x, “ Dw,,) —a (x, Du), D(",f‘/’)) dx
Us wVeE

u |P?

ry@dx

wVe wVe

— / (a (x, Duy) —a(x, Duj) , Do) r;, dx
Ug

=7 -2+ + T -7,

Since |w—“w;;|"’_2 € L*®(U,), and (r) is bounded in L*°(2) and converges
to O strongly in LP(U,), while the sequences (a(x, Dw,)), (a(x, Du,)),
(a (x, Dut)) converge weakly in L4(U,, RY), it follows that the sequences

(Jnl), (Z,z), (J,f), (.7,,5) tend to 0. To conclude the proof of (3.8) it is enough
to show that

(3.10) lim (a <x, “ Dw,,) —a(x, Duj), D(r,f<p)) dx = 0.
n—>o [y, wVe

Since (Dw,) and (Duf) converge to Dw and Du almost everywhere in U, it
follows that

lim (a (x, “ Dw,,) —a(x, Duf,))
n—>oo w V 8

(3.11) u
=a (x, Dw) —a(x,Du) ae.in U,.

wVE

Let us prove that |a (x, —_Duw,) — a(x, Duf,)|q is equi-integrable. Let us

consider the case 2 < p < 400. Since w“vs € HOI"’(Q) N L*®°(Q) and (w,) is
bounded in L°°(£2), by the continuity condition (1.5) there exists a constant C

such that

u e ]!
a x,wngw,, —a(x, Dut)

( o (%)

u q
C (|Dwn|tI(P~2) D ( )
wVe

q

312 < +

)q(p—2)
( u
wVe

u
2 |——Dw,
wVe

w0 (%)

IA
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By Holder’s inequality for every measurable set E C 2 we have

/IDwn|¢I(p—2) D(L)
E wVe

(p—2)/(p-1) u 14 q/p
< (/ |Dw,,|”dx> (/ D ( ) dx) .
Q E wVeE

By (3.12) this inequality shows that |a (x, -%-Dw,) — a (x, Dut)|? is equi-
integrable.
In the case 1 < p <2, by the continuity condition (1.7) we have

u u
alx, 4 w, D
wVe wVe

and so the sequence |a (x, - Dw,) —a (x, Dut)|? is dominated by an inte-

grable function, since - € Hol'p (R2) and (w,) is bounded in L*°(£2).

Therefore, in both cases | a (x, - Dw,) — a(x,Duf) |q is equi-inte-
grable, and thus, by the dominated convergence theorem, (3.11) implies that
(a (x, - Dw,) —a (x, Dut)) converges to a (x, Z“-Dw) —a (x, Du) strongly

in L19(Q,RY). As (D(rfp)) converges to 0 weakly in LP(Q,RY), we ob-
tain (3.10), which implies (3.8).

q
dx

q P

Third step. If 2 < p < +o00, then (2.5) gives
(3.13) co/ |Dré|Podx + 22—1’/ Iré\Podu, < E°.
Q Q

If 1 < p <2, we note that the sequences (|lu, ”Lﬁn(ﬂ)) and ([lwn "Lﬁn(ﬂ)) are

bounded by estimate (2.3). Since u and ﬁ belong to Hol’p () N L*®(Q), we
conclude that ([jué|| L2 (Q)) is bounded too. Since (u,) and (u%) are bounded

in H(} 'P(Q), by (2.6) there exists a constant K such that

2/p 2/p
G ([iorirear)”+ ([mredn) < ke
Q Q

Taking (3.13) and (3.14) into account, in both cases we obtain from (3.8) that

lim (/ |Dr,f|”<pdx+/ Ir,flpgodu,,) =0,
n—0o0 Q Q

hence

(3.15) nll)rgo </U |Dr,f|l’dx+/u Ir,f|pdu,,> =0.
2¢ 2¢
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As wv2£_.wVE q.e. in Uy, we have 7, = u, — .02 q.e. in Uy and
= Du, — D(535) ae. in Uy. Therefore (3.15) implies (3.6) with 2¢
replaced by e. g

LEMMA 3.5. Let f € L°°(R2) and, for every n € N, let u, be the solution
of (3.1). For every ¢ > Odefine V, = {w < e}. Then

(3.16) lm}) lim sup ( |Du,|Pdx + / Iunlpdun) =0.
Ve Ve

n—oo

ProoOF. For every ¢ > 0 let ®°:R — R be the Lipschitz function defined
at the end of the first step of the proof of Lemma 3.4, and let z¥ € HP(Q)N
L*°(2) be the function defined by z° = 1 — ®*(w). As z¥ > 0 g.e. in  and
2 =1 qe. in V,, by (1.10) and (3.1) we have

| Dun|Pdx + / PRIZPR
Ve

< / (a (x, Du,), Dun)zadx +/ Iun|p28dﬂn
Q Q

= / (a (x, Duy), D(usz®)) dx +/ lun|Pzed, — / (a (x, Duy), Dz%)u, dx
Q Q Q

= /fu,,zedx—/(a(x, Du,), Dz*)u, dx .
Q Q

Since (u,) converges to u strongly in L?(€2) and is bounded in L*(£2) (Re-
mark 3.2), while (a (x, Du,)) converges to a (x, Du) weakly in LI(Q,RY)
(Theorem 2.11), we can take the limit of the the last two terms as n — 00,
obtaining

(co A 1) lim sup ( |Duy|Pdx + / |u,,|”d,u,,>
(3.17) noo \JVe Ve

< /fuzsdx — /(a(x, Du), Dz*)udx .
Q Q

As (z%) is bounded in L*°(2) and converges to the characteristic function of
{fw =20} as € > 0, while u = 0 a.e. in {w = 0} (Remark 3.2), we have that
(uz®) converges to 0 strongly in LP(f2). On the other hand, since |u| < cw
g.e. in Q by Remark 3.2, we have

p
/|u|”|Dz€|”dx < < w?|Dw|Pdx < (2c)”/ |Dw|Pdx ,
Q

& {e<w<2¢} {e<w<2¢)

so that (uDz®) converges to O strongly in LP($2, RV). Taking the limit in (3.17)
as ¢ > 0 we obtain (3.16). O
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LEMMA 3.6. Let f € L*(R2) and, for every n € N, let u, be the solution
of (3.1). For every ¢ > 0 define W, = {w > ¢} N {|u| < e w}. Then

(3.18) lim lim sup ( / | Dun|Pdx + / |u,,|"du,,> =0
We We

&0 nso00

for every ¢ > 0.

Proor. For every € > 0 let ®*:R — R be the Lipschitz function defined at
the end of the first step of the proof of Lemma 3.4. As -%- € HO1 P(QNL®(R)

wVve
(Remark 3.2), the function z° = 1 — ®° (%) belongs to H1P(Q2) NL>®(2). As
z2#>0gq.e. in Q and z° =1 q.e. in W, by (1.10) and (3.1) we have

c()/ lDunlpdx—!—/ lup|Pdp, < /(a (x, Dup), Du,)z® dx
Wé‘ Wg Q
+ / lun|P 2 dppn = / (a (x, Du,) , D(upz°)) dx + / |un|P 2" dpan
Q Q Q

—/(a (x, Duy), Dz°)u,dx = / fu,,zfdx—/(a (x, Duy), Dz°)u, dx .
Q Q Q

Since (a (x, Du,)) converges to a (x, Du) weakly in L9(2, RY) (Theorem 2.11)
and (u,) is bounded in L*°(€2) and converges to u strongly in LP(Q2) (Re-
mark 3.2), we can take the limit of the the last two terms as n — o0, obtaining

(co A 1) limsup (/ |Duy,|Pdx + / |u,,|pdun>
n—o0o We We

(3.19)
< /quz dx — /Q(a(x,Du),Dz Judx .

As (z°) is bounded in L*°(€2) and converges to the characteristic function of
{u = 0}, we have that (uz®) converges to O strongly in L?(€2). Moreover,

(2v2)

D

wVe
op-1 u » y 2

- ( ? ) 'D”IPJ“(L'—) |Dw|? | dx
el Jio<lul<2e(wve)) wVe wV e

< 22”_1/ (IDul? + (2e)?|Dw|?)dx
{0<|u|<2e(wve)}

p

dx

1
[ wpripztiax < jul?
Q &P Ji0<|u|<2e(wve))

and so (uDz®) converges to O strongly in LP(2,RY) as ¢ — 0. Therefore
(3.18) follows from (3.19) by taking the limit ¢ — 0. O
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Proor oF THEOREM 3.1. Recall that U, = {w > e} N {|lu] > sw}, V, =
{w <e¢€}, and W, = {w > ¢} N {|u] < e w}, which for £ > 0 allows us to write

/|R,,|de = |R,,|de+/ |R,,|de+/ |R,|Pdx .
Q Ug Ve We

Since R, = Dun — Du — i, (Dw, — Dw) in {w > 0}, we deduce from (3.7) that
for £ > 0 fixed

n—oo

lim |Rn|Pdx = 0.
Ue

On the other hand we shall prove that

(3.20) lim lim sup |R,|Pdx ,
e>0 nooo Ve

(3.21) lim limsup/ |R,|Pdx .
>0 p500 We

Since |u| < cw q.e. in Q (Remark 3.2), we deduce from (3.5) that |R,| <
|Du, — Du| 4+ c|Dw,, — Dw| g.e. in 2. Therefore

4'-P limsup | |Rn|Pdx < limsup | |Du,|Pdx + | |Du|Pdx

n—oo JVg n—oo JV, Ve
+ c? limsup/ |Dw,|Pdx + c? / |Dw|Pdx
n—>o00 JVg Ve

for every ¢ > 0. As |u| < cw (Remark 3.2), we have Du = Dw =0 a.e. in
{w = 0}. This fact, together with Lemma 3.5 (applied to the sequences (u,)
and (w,)), allows us to obtain (3.20) from the previous inequality.

As |ul| < ew q.e. in W, by (3.5) we have |R,| < |Du, — Du| +
& |Dw, — Dw| q.e. in W,. Therefore

4P limsup [ |R,|Pdx < limsup / |Dun|Pdx + |Du|Pdx
We

n—00 We n—00 We

+ &P limsup/ |Dwy|Pdx + €° / |DwiPdx .
Q Q

n—o0

As the characteristic function of W, converges to the characteristic function of
{w > 0}N{u =0}, and Du =0 a.e. in {u = 0}, the previous inequality together
with Lemma 3.6 yields (3.21), which concludes the proof of the theorem. O

Theorem 3.1 explains how to correct Du, in order to obtain strong conver-
gence (see (3.2)). Note that the function Du +u P, is not a gradient in general.

The following theorem gives a corrector result in HO1 'P(Q) for the function u,,.
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THEOREM 3.7. Let (lu,,) a sequence of measures of M{)’ (RQ) andlet f € L®(Q).
Assume that the solutions u, and w, of problems (3.1) and (3.3) converge weakly

in Hol’p () to some functions u and w. Then for every ¢ > 0 we have

Uwy,

U, =
with im limsup ||r¢ = 0.
Jim lim sup 71,15 g,

Proor. Recall that U, = {w > e} N{|u] > ew}, Ve ={w <¢}, and W, =
{w > e} N {lu] < ew}. Then

(3.22) /IDr,fI”dx =/ |Dri|Pdx +/ |Dr;|Pdx —|-/ |Dr;|Pdx .
Q Ug Ve WE

Since, by Lemma 3.4, (Dr¢) converges to 0 strongly in LP(U,, RY) as n — oo,
we have only to estimate the last two terms of (3.22). As

wy, uw,

R u
Dr, = Du, — Dw,
w

— D D(wVe),
Ve wVe u+(wv$)2 (wve)

and |u| < cw q.e. in 2 (Remark 3.2), we have
. w, \? w, \?
4 7P|Dri|? < |Duy|? + c?|Dw,|? + (———-) |Du|? + cP (———) |Dw]|? .
wVe wVe

Since (w,) is bounded in L*°(2) (Remark 3.2) and converges to w weakly
in Hy"”(), we obtain

4P limsup [ |Drf|Pdx < limsup [ |Du,|’dx
n—00 Ve n—->oo JVg

+ ¢? limsup | |Dw,|Pdx + / |DulPdx + cp/ |Dw|Pdx .
Vg VE

n—00 Ve

As |u| <cw q.e. in 2, we have Du = 0 a.e. in {w = 0}, and so the last two
terms tend to 0 as ¢ — 0. Therefore, Lemma 3.5 (applied to the sequences
(u,) and (w,)) implies that

lim limsup [ |Dr{|Pdx = 0.
€2V n—soo Ve

Since w =w Ve and |u| < ew q.e. in W,, we have

n

w p
4P|Dri|P < |Dun|? + & |Dw,|” + (—) | Dul?
w

w, \ P .
+ &P (—J) |Dw|? q.e.in W,,
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and thus

41P lim sup / |Dré|Pdx < limsup / | Du,|Pdx
We We

n—oo n—oo

+ &? limsup/ |Dw,|Pdx +
Q

n—>oo

|Dul|Pdx + 8”/ |Dw|Pdx .
We Q

As the characteristic function of W, converges to the characteristic function of
{w>0}N{u=0}, and Du =0 ae. in {u =0}, the term [, |Du|’dx tends
to 0 as € — 0. Therefore, by Lemma 3.6 we have

lim lim sup |Dr;|Pdx = 0,
e->0 po00 We
which concludes the proof of the theorem. O

The case f ¢ L°°(S2) requires a further approximation (see [11]) and will
be considered at the end of Section 6.

4. — Estimates based on the corrector result

Let (u,) a sequence of measures of M(’,’ (R2) and let f € L*®°(2). Assume
that the solutions u, and w, of problems (3.1) and (3.3) converge weakly in
Hol 'P(Q) to some functions u and w. In this section we shall study the behaviour
of the sequences

u |72
4.1)  (Au,, who) — <Aw,,, s wv£w5<p> ,
u |P7?
4.2) /QIunI"‘zunwaMn - /Q‘wvs wv8w5_1+ﬂ‘pd“"’

where 8 > (p—1)Vv 1 and ¢ € Hol‘p(Q) N L*(2). As explained in the
introduction, these estimates will be useful in the proof of the main results of
Section 6.

Since for 1 < p < 2 the function |- |” -2 —— does not belong to Hy'?(Q)

(note that the derivative of the function ¢ — |¢|P2¢ is singular at the origin),
formula (4.1) is not correct and we are forced to introduce the locally Lipschitz
function W.:R — R defined by

[t1P~2¢,  if |t] > ¢,
eP2t, if [t] <e,

4.3) V(1) = {
and to replace |w‘\‘/8 p=2 —vz by We(52) in (4.1) and (4.2). This leads to some
technical estimates that will be used in Section 6.

We begin with an estimate in the set U, = {w > ¢} N {|u] > ¢ w}.
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LEMMA 4.1. Let (i,) a sequence of measures of Mg () and let f € L°(R2).
Assume that the solutions u, and wy, of problems (3.1) and (3.3) converge weakly

in Hol’p (2) to some functions u and w. Let ¢ > 0, let B > 1, and let v, €
HOI”’(Q) N L%°(2) be the function defined by v, = W, (
by (4.3). Then the sequence

u ..
o where V. is given

(a @, Dun), D)) = (ax, Dwy), Dwewf))
converges weakly in L'(U,), as n — 00, to the function
(ax, Dwy, D@H) = (a(x, Dw), Dwew?) .
Proor. By Theorem 3.1 we have

(4.4) Du, = Du+ 2Dw, — LDw+R, ae. inU,,
w w

|p_2 “ ae.

where (R,) converges to O strongly in LP(2,RY). Since v, = |%
in U,, by the homogeneity property (1.3) for a.e. x € U, we have

4.5)
(a (x, Du,), D(wf)) - (a (x, Dw,), D(vewf))

= B(a(x, Duy), Dw,) wP™!

u P2
— B (a(x, Dw,), Dw,) wP~'|—
w

2 (a(x, Dw), Dvo) wf
w
= ﬂ(a (x, Duy) —a (x, ZDw,,) ,Dw,,) wh — (@ (x, Dw,), Dvg) wh.
w
Similarly, we obtain

(a (x, Du), D(wf‘)) - (a (x, Dw), D(vswﬂ))

(4.6) u
=8 (a (x, Du) —a (x, EDw) ,Dw) wP~! — (a (x, Dw), Dv,) w? .

By Theorem 2.11 the sequences (u4,) and (w,) converge to ¥ and w strongly
in Hol”(SZ) for every r < p, and so, passing to a subsequence, we may assume
that (u,), (wy,), (Du,), (Dw,) converge to u, w, Du, Dw almost everywhere
in Q. As a (x, ) is continuous for a.e. x € €, this implies that (a (x, Du,)) and
(a (x, £Dw,)) converge to a (x, Du) and a (x, £ Dw) almost everywhere in U,.
We want to prove that (a (x, Du,) —a (x, “Dw,)) converges to a (x, Du) —
a (x, “Dw) strongly in L(U,, RY). To this aim it is enough to show that the
sequence |a (x, Du,) —a (x, %Dw,,)]q is equi-integrable. Let us consider first
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the case 2 < p < +o00. Since ; € L*(U;) (Remark 3.2), by (1.5) and (4.4)
there exists a constant C such that

q

a(x,Du,) —a (x, iJ—Dwn)
w

q
4.7

IA

+

>q(p—2)

Du — ti—i-R,,
w

cd (2 lﬁDw,,
w

Du—-LDw+R,
w

u
Du— —Dw + R,
w

)

for a.e. x € U,. By Holder’s inequality for every measurable set E C U, we
have
/|Dwn|q(p-2)
E

(r=2)/(p—1) P q/p
< (/ |Dw,,|”dx> (/ dx) .
Q E

As (Dw,) is bounded in LP(2,RY) and (R,) converges to O strongly in
LP(Q2, RY), the previous inequality, together with (4.7), shows that |a (x, Du,)—
a (x, £Dw,)|? is equi-integrable in U,. In the case 1 < p < 2, by the continuity
condition (1.7) we have

q

< C <|Dwn|q(p—2) +

Du—2LDw +R,
w

q
dx

Du—ti+R,,
w

Du—2LDw+R,
w

1 q
=

P
=cf

p

a(x,Du,)—a (x, ti,,)
w

u u
Du,, ——Dw, Du——Dw+R,
w w

As (R,) converges to O strongly in LP(Q,RY), the sequence |a (x, Du,) —
a (x, “Dw,)|? is equi-integrable in U,. Therefore, in both cases the domi-
nated convergence theorem implies that (a (x, Du,) —a (x, %Dwn)) converges
to a (x, Du)—a (x, £ Dw) strongly in L4(U,, RY). As (Dw,) converges to Dw
weakly in LP(U,, RY), and (w,) is bounded in L*®(2) (Remark 3.2) and con-
verges to w almost everywhere in €2, it follows that

B (a (x, Du,) —a (x, —Z—)Dw,,) ,Dwn> wf_l

converges to
u
B (a (x,Du) —a <x, —Dw) s Dw) wh1
w

weakly in LY(U;). As ( a(x, Dw,)) converges to a(x, Dw) weakly in
L9(Q2, RY) (Theorem 2.11), the sequence ((a (x, Dw,), Dv,) wf) converges to

(a(x, Dw), Dv,)w? weakly in L!(R). The conclusion follows now from (4.5)
and (4.6). O
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LeMMaA 4.2. Let (u,) a sequence of measures of Mg () and let f € L*(Q).
Assume that the solutions u, and w, of problems (3.1) and (3.3) converge weakly in

HOI‘p(Q) to some functionsu and w. Let 8 > 1, let ¢ € Hol’p(Q) N L*°(L2), and, for
everye > 0, let v, € HO1 P () N L>®(R) be the function defined by v, = \Ile(;u—'\‘/—s),
where V. is given by (4.3). Then

(Aup, wPo) — (Aw,, vwbo) = (Au, wPo) — (Aw, v,wPy) + RS,
with lim limsup |R;| = 0.
e>0 psoo

Proor. For every ¢ > 0 we define U, = {w > ¢} N{lu| >ew}, V. =
{fw<¢}, and Wy, = {w > ¢} N{|u|] < &w}. Then

(Aun, wlo) — (Aw,, vewPo) = A+ BE+CE,

where

AL = / (a (x, Du,), D(wf)) pdx — / (a (x, Dwy) , D(vawf)) pdx,
Ug Ue

B, = (a (x, Duy), D(wf)) pdx —/ (a x, Dw,), D(vgwf)) pdx,
VeUW, VeUWs

C = / (a (x, Duy,), Do) wf dx — / (a (x, Dw,), D) vswf dx.
Q Q

Similarly, we define A°, B?, C® by replacing u, with ¥ and w, with w, so that
(Au, wPp) — (Aw, v,wPo) = A° + B +C°.
By Lemma 4.1 we have

4.8 lim A = A° Ve>0.

n—oo

Since (a(x, Du,)) and (a(x, Dw,)) converge to a(x, Du) and a (x, Dw)
weakly in L4(2, RV) (Theorem 2.11), and (w,) is bounded in L*®(Q) (Re-
mark 3.2) and converges to w strongly in L7(£2), while v, € L*(R) (Re-
mark 3.2), we conclude that

4.9 lim C; =C* Ve>0.

n—oo

Let us consider now the term B — B®. For every measurable set B C Q we
define

7B) = B / (a (x, Dun), Dwy) Wt p dx,
B

J#2(B) = ﬂ/ (a (x, Dw,) , Dw,) w? v, dx,
B

JEB) = /B (a (x, Dwy) , Dve) who dx.
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Similarly, we define J'(B), J52(B), J**(B) by replacing u, with u and w,

with w. Clearly we have

1B, — B°| < |J,} (Ve U W)l + 1T (Ve U W) + | T2 (Vo) | + 1T (Vo)
+ [ TEHW) + 1T2 (W) + T3 (Ve UW,) — T3 (Ve U W) .

Since B > 1, the sequence (wf~!) is bounded in L*(£2) (Remark 3.2). More-

over, as |u| < cw (Remark 3.2), by (4.3) we have |v:| < (cVe)P~! qe. in Q.

Therefore, by the upper bound (1.11) there exists a constant K such that for
e <1 we have

(4.10)

TNV UWo)| + 1TE2(Ve)| < K /V y |Du,|”~'{Dw,|dx + K /V | Dw, |Pdx
cUWe (3

1/q 1/p
<K (/ |Du,,|pdx> (/ lDw,,lpdx> + K |Dw,|Pdx ,
Ve UWg Q Ve

and thus Lemmas 3.5 and 3.6 imply that
4.11) lin(1) limsup (|7, (Ve U Wo)| + |TE2(Ve)l) = 0.
£—

n—oo

A similar estimate shows that

“.12) lim (17" (Ve UWe)| +17°2(Va)l) = 0.

Since |u| < e w q.e. in W,, by (4.3) we have |v;| < e~ ! q.e. in W,. Therefore,
the boundedness of (wf“l) in L*°(2) (Remark 3.2) and the upper bound (1.11)
imply that

\TE2(W,)| < KeP! / \Dw,|Pdx
Q

for a suitable constant K. As (w,) is bounded in HO1 'P(Q), we conclude that

(4.13) lin(l) limsup |752(W,)| = 0.
E—>

n—0oo

A similar estimate shows that

4.14) lim TS (W) = 0.
&>

Since (a (x, Dw,)) converges to a (x, Dw) weakly in L7(2, RY), and (w,) is
bounded in L*°(2) (Remark 3.2) and converges to w strongly in L7 (S2), we
conclude that

(4.15) lim J53(V. U W,) = J53(V, U W,) Ve > 0.
n—oo

From (4.10)-(4.15) we obtain

(4.16) lim limsup |B; — B°| = 0,

e>0 o0
As R, = A — A® + B, — B° +C; — C®, the conclusion follows from (4.8), (4.9),
4.16). O
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LEMMA 4.3. Let (u,) a sequence of measures of M(I)’ () and let f € L*(Q).
Assume that the solutions u, and w, of problems (3.1) and (3.3) converge weakly
in Hol’p(SZ) to some functions u and w. Lete > 0, let B > (p — 1) V 1, and let

¢ = 2 g5 in the proof of Lemma 3.4. Then

n wVve

_ )
lu,|P 2u,,wf<pdu,, — / |uf,|p uf,wf(od,un
Ue Ug

tends to 0 as n — oo for every ¢ € H(}‘p(Q) N L>®(Q).

PrROOF. Let ¢ € HOI”'(Q) N L*°(R) and let r; = u, —u’ as in the proof of
Lemma 3.4. Since the sequences (u4,) and (4%) are bounded in L*°(2) (Re-
mark 3.2), by (1.13) and (1.14) there exists a constant C such that ||u,,|"’_2 Upp—
|ufl|p_2ufl<p| < Clrjl(f’“l)’\l. Moreover, since B > (p — 1) v 1 and (wy,)
is bounded in L*°(2) (Remark 3.2), there exists a constant K such that
wf < K w{P~DV1, Therefore

- -2
/ |un|? zunwf(Pd/'Ln - / lu;|p uiwr{}(odﬂn
Ug Ue

< CK Ir:;‘l(p—l)/\lw’(lp—l)vldun
Ue

1/(pVvq) 1/(pAq)
CK (/ lr,fl”d,u,,) (/ w? d,u,,) .
Ue Q

The conclusion follows now from estimate (2.3) and from Lemma 3.4. O

LEMMA 4.4. Let (u,) be a sequence of measures ofMg (RQ), let f € L*(2), and
let p € HOl "P(Q) N L>®(R2). Assume that the solutions u,, and w, of problems (3.1)
and (3.3) converge weakly in HO1 "P(Q) to some functions u and w. For every e > 0
let v, € H(,1 "P(Q) N L*®(R) be the function defined by v, = W (-%-), where U, is
given by (4.3). Let 8 > (p — 1) vV 1 and let

IA

_u_
wVe

S’f = /Qlunlp_zunwf‘pdﬂn _/errl,’+ﬂ_l¢dﬂn-
Q

Then lim limsup || = 0.
&0 p00
Proor. For every ¢ > 0 we define U, = {w > e} N{ju| >cw}, V., =

{w<e¢}, and W, = {w > e} N{lu| <ecw}. As wP~ly, = |uf,|p_2 ut ge. in U,

by Lemma 4.3 for every ¢ > 0 the sequence

|un‘p—2unw£¢d“n _/ er5+ﬁ_lfpdﬂn
Ug Ué‘
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tends to 0 as n — 0o. As ¢ is bounded, to conclude the proof it is enough to
show that

4.17) lim lim sup / lun|Pwhdp, =0,
e>0 pooo VeUWe

(4.18) lim limsup | |ve|lw?tP~'du, = 0,
>0 p500 Ve

(4.19) lim lim sup / lve|lwPHP=dp,, .
e->0 p500 A

Since 8 > 1, we have ||w,‘?‘1 Loy < K for a suitable constant K (Remark 3.2).
Therefore

-1 -1
[, |P wfdﬂn =< K/ |un|? Wnd Ly
VeUWe VeUWe

1/q 1/p
<K (/ Iunl”dun) (/ w,‘,’dun> ,
VeUWg Q

and thus (4.17) follows from (2.3) and from Lemmas 3.5 and 3.6. Moreover, as
lu| < cw (Remark 3.2), by (4.3) we have |ve| < (cve)?~! qe. in Q. Therefore

velwf P~ dp, < (cVe)’T'K | whdun,
Ve Ve

and so (4.18) follows from Lemma 3.5. Since |u| < ew q.e. in W,, by (4.3)
we have |v;| < eP~! qe. in W,. Therefore

/ |v€|w5+ﬂ_ldﬂn = SP_IK/ w,‘,’d,u,,,
We Q

and thus (4.19) follows from (2.3). O

5. — Constructing the measure from the solution corresponding to f = 1

In this section we shall study the properties of the set XC(£2) of the functions
w such that

weHy?(R), w>0 qe. in Q, and Aw <1 in D'(Q).
The results obtained in the present section will be crucial in the proof of
Theorems 6.3 and 6.5. They do not depend on the results of Sections 3 and 4,
but only on those of Sections 1 and 2.



272 GIANNI DAL MASO - FRANCOIS MURAT

By the coerciveness condition (1.10) for every w € X(£2) we have

co/ |Dw|Pdx < (Aw,w) < /wdx.
Q Q

This shows that K(2) is bounded and hence weakly relatively compact in
HO1 'P(Q). Let wy be the solution of the Dirichlet problem

wo € HyP(Q), Awp=1 inD(Q).

By the comparison principle (Proposition 2.6) we have 0 < w < wg q.e. in Q
for every w € K(2). As wy € L*(R2) (see [34], Chapter 4, Theorem 7.1), the
set KC(R2) is also bounded in L*(S2).

Given w € K(S2), we define

v=1-Aw.

By the definition of X(2) we have v > 0 in D’(£2), hence v is a non-negative
Radon measure. As Aw € H~9(Q), we have v € H~19(Q).

Our aim in this section is to prove the following theorem, which char-
acterizes K(€2) as the set of the solutions of all relaxed Dirichlet problem
corresponding to f = 1.

THEOREM 5.1. The set K(S) is compact in the weak topology of Hy'* (2). A
Sfunction w € Hol "P(Q) belongs to K () if and only if there exists | € ME(Q) such
that w is the solution of the problem '

w e HyP(Q) N LA,
5.1) , ,
(Aw, v) +/ lw|P*wvdu :/ vdx Yve Hy?(Q)n LE(Q).
Q Q

The measure u € ME(Q) is uniquely determined by w € K(2). More precisely,
for every w € K(S2) and for every Borel set B C 2 we have

dv
—, if C,(BN{w=0})=0,
(5.2) w(B) = { /B wr—1 if Cp(BN{w=0})
400, if Cp,(BN{w=0})>0,
where v is the non-negative measure of H=19(Q) defined by v = 1 — Aw.
Note that in view of (5.2) we have

(5.3) v(BN{w > 0)) = / wPldy
B

for every Borel set B C Q.
To prove the theorem we need some technical results. We begin with a
penalization lemma.
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LEMMA 5.2. Let i € ME(R) and letu € Hy'?(2) N LE(S). For everyn € N
let u, € Hol P@)n L1 (2) be the solution of the problem

un € HyP () N LL(R),
(5.4) { (Au,,v) +/ [un|? 2 upvdp+n| |un?P 2 uvdx =n/ [u|P~2uvdx
Q Q Q
Vv e Hy” () NLE(R).

Then (u,) converges to u strongly in HO1 'P(Q) and in Lﬁ(Q).

Proor. Taking v = u, — u as test function in (5.4) we obtain
(Aup, up —u) + /Qlunl”‘2 Uy — 1) dju
+ n/Q(IunI”'2 un — ulP2u)(up —u)dx = 0,
hence
(At = At =)+ [ (a7t = 101772 0) 1y = )
(5.5) +n /Q(m,,v'-2 U — |ulP7 1) (un — u) dx
= —(Au,u, —u) — /Qlulp_zu(u,, —u)du.

If 2 < p < +o0, from (2.5) we get

14 2-p )4 2—p p
collun — u 2 Up — U n2 Up — U
O” n ||Ho1,p(m + || n ”Lﬂ(ﬂ) + ” n "LP(Q)
(5.6)
< —(Auun =) = [ Wl ey —w) s,
Q
hence
P 2—p _ P 2-p Y
collun u"H(:’p(Q) + 277 ||u, u"LZ(Q) +n2 llen u“LP(Q)
< 1wl = 1l 1.5 ) + 117 ltn = Wl p g -
By using Young’s inequality we obtain
2-p
‘o Y P 2=py, P
q llun u"H(;,p(Q) + l|en u"LZ(Q) +n2 llun u"LP(Q)
1—¢

) q 2, P
< —llAull + —llull;p g, -
q H~14(Q) q L;L(Q)
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This shows that (u,) converges to u weakly in H,”(R) and in LE(R2), and

by (5.6) this implies also that (u,) converges to u strongly in HO1 "P(Q) and in
LP(Q).

. Assume now that 1 < p < 2. If we apply (2.8) to the Lebesgue measure
we obtain

e 3oy < 2 (lanl oy + Nl ) /S2 (1P~ t = 1201772 ) (4 — ) .
This inequality, together with (2.6) and (5.5), gives

2 2
co llun — ul| + llun — u“Lp(SZ) + nllu, _u"LP(Q)

Lp
Hy' ()

(5.7 = H(un,uw ((Au,u —un) + /Qlul”_zu(u—un)du)

IA

H Gt ) (1AW 1.0y ltn = 1)+ Il Nt =l p ).

Lp
Hy'P(@)
where

2-p 2-p
H ) = 2 (lunll 5 o) + Ninlgfe, + a5

2—-p
I o) + Tyl + Mulsfe)

2—p _ 2—p
2 (ltn =l g = i =l + ltn = 50

S (L Ul A P P B

”’(sz)
By using Young’s inequality we obtain

2 2
lun — ull + llun — “”LP(Q) + nllun —u”LP(Q)

Hy'P ()

K1<u>( + lltn — ul’

IA

3—p
e ullygfey + lun = ul;5%e,)

IA

1 2 2
5 (M = w1 p ) + ltn =l p ) + ltn = ull}p(@y) + Katw).,
0

where K;(u) and K,(u) are constants depending on u. This implies that

llun — ull2 + lun = ul?p o + @n—Dllun —ullipg < 2K2(),

L0 L@

and shows that (u,) converges to u weakly in Hol’p (2) and in LE(S). Therefore

(H(up,u)) is bounded and by (5.7) (u,) converges to u strongly in H,”(Q)
and in Lﬁ(Q). O
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Condition (ii) in the definition of MS(Q) (see Remark 1.2) plays a crucial
role in the following lemma, that will be used in the proof of the uniqueness
result given by Lemma 5.4.

LEMMA 5.3. Let u € M&(Q) and let w be the solution of problem (5.1). Then
u(B) = +o0 for every Borel set B C Q2 with C,(B N {w = 0}) > 0.

PrROOF. Let u € HOI’P(Q)ﬂLﬁ(SZ), with 0 < u <1 qe. in 2, and, for

every n € N, let u, € Hol"’ ()N Lﬁ(Q) be the solution of problem (5.4). By
the comparison principles (Propositions 2.5 and 2.6) and by the homogeneity
condition (1.3) we have 0 < u, < n'/®?~Dy ge. in Q, hence u, = 0 g.e. in
{w = 0}. Since by Lemma 5.2 (u,) converges to u in H(}’p (2), we have u =0
g.e. in {w = 0}.

Let U be a quasi open subset of © such that u(U) < 40o. By Lemma
1.1 there exists an increasing sequence (z,) in Hol'p (£2) converging to 1y quasi
everywhere in 2 and such that 0 < z, < 1y q.e. in 2 for every n € N. As
w(U) < +o00, each function z, belongs to Lﬁ(Q), hence z, = 0 q.e. on {w = 0}
by the previous step. This implies that C,(U N {w = 0}) =0.

Let us consider a Borel set B with C,(B N {w = 0}) > 0. For every quasi
open set U containing B we have C,(U N {w = 0}) > 0, hence u(U) = +oo
by the previous step of the proof, and so w(B) = +0o by property (ii) in the
definition of M(’)’ (). O

We are now in a position to prove the following uniqueness result.

LEMMA 5.4. Let A and | be measures of M{ (). Assume that there exists a
function w € Hy'? () N LY () N LE(S) such that

5.8) (Aw,v) +/|w|”"2wvdk=/vdx VveHol’p(Q)ﬂLf(Q),
Q Q

5.9 (Aw,v) +/|w|p—2wvdu = /vdx ‘v’veHol'p(Q)ﬂLZ(Q).
Q Q

Then A = u.

ProoF. From the comparison principle (Proposition 2.5) we know that w > 0
g.e. in Q. Let us consider the measures A¢ and w defined for every Borel set
B C Q by

Ao(B) = / wPldA,  po(B) = / wPldp.
B B

We want to prove that Ay = wg. For every ¢ > 0 let A, and u. be the measures
defined by

@B = [  wrlah, )= [ wrtan.
BN{w>¢} BN{w>¢}

To prove that A9 = pg it is enough to show that A, = u. for every ¢ > 0.
Let us fix ¢ > 0. As w € Lf @nN Lﬁ(Q), Ae and u, are bounded measures.
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Therefore it is enough to show that A.(U) = u.(U) for every open set U C Q.
Let us fix U and let U, = U N{w > ¢}. As U, is quasi open, by Lemma 1.1

there exists an increasing sequence (z,) in HOl 'P(Q) converging to 1y, quasi
everywhere in Q and such that 0 < z, < 1y, qe. in Q for every n € N.
As w e LY () NLE(Q) and w > ¢ ge. in U, we have A(U;) < +oo and

u(Ug) < +o00, hence z, € Lf(Q) N Lﬁ(Q) for every n € N. From (5.8) and

(5.9) we get
/ wp_lZn dA- = / wp‘lZn dll«‘
Q Q

Taking the limit as # — oo we obtain
re(U) =/ wP~ldA =/ wPldu = p(U).
Ue Ue

This shows that A, = u, for every ¢ > 0, hence Ay = .
For every Borel set B contained in {w > 0} we have

1 1
wB) = [ i = [ —pduo=uis.

If B is Borel set contained in {w = 0} and C,(B) > 0, then A(B) = u(B) =
+o0o by Lemma 5.3. If Cp(B) = 0, then A(B) = u(B) = 0 by the def-
inition of M§ (). Therefore A(B) = A(B N {w >0}) + A(BN{w=0}) =
u(BN{w > 0})+ wBN{w=0}) = u(B) for every Borel set B C Q. O

ProoF OF THEOREM 5.1. Let us prove that X(S2) is weakly compact
in HOI”’(SZ). Let (w,) be a sequence in X(2). As K(R2) is bounded in HOI”’(Q),
we may assume that (w,) converges weakly in HOI '(Q) to a function w, and
we have only to prove that w € K(2). As w, > 0 g.e. in 2, we have also
w > 0 qe. in . To prove that Aw < 1 in €2, we consider the measures
v, = 1 — Aw,. By the definition of K(2), (v,) is a sequence of non-negative
Radon measures which belong to H~19(R2). Since (w,) is bounded in HO1 P(Q),
the upper bound (1.11) implies that (v,) is bounded in H~19({), and thus,
since v, is non-negative, the sequence (v,(K)) is bounded for every compact set
K € Q. By Theorem 2.10 the sequence (a (x, Dw,,)) converges to a (x, Dw)
weakly in L9(2, RY), and hence (Aw,) converges to Aw weakly in H -La(Q).
As Aw, <1 in D'(2), we conclude that Aw <1 in D'(2), hence w € K(R2).

In the rest of the proof we follow the lines of Theorem 1 of [13] and
of Proposition 3.4 of [21]. Let u € M(’,’ (2) and let w be a solution of (5.1).
Then w > 0 q.e. in Q by the comparison principle (Proposition 2.5). From
Proposition 2.8 and Remark 2.9 we deduce that Aw < 1 in D'(R2), and we
conclude that w € K(2).

Conversely, assume that w € K(2). Let v =1 — Aw and let i be the
measure defined by (5.2). We first prove that u € M§ (). Since the measure v
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is non-negative and belongs to H~19(Q2), we have v(B) = 0 and thus u(B) =0
for every Borel set B C Q with C,(B) = 0. It remains to prove that

(5.10) w(B) = inf{u(U) : U quasi open, B C U}

for every Borel set B C Q with w(B) < 4o00. For every n € N let u, be
the measure on 2 defined by w,(B) = w(BN{w > %}). Note that wu,(2) =
uw{w > %}) <nP Yv({w > %}) < n? fﬂwdv = nP(l — Aw, w) < +o00. Let
us fix a Borel set B C Q with u(B) < 4+00. By the definition of u we have
Cp(BN{w=0}) =0. For every n >2 let B, = BN{} <w < -1}, and let
By = BN {1l < w}, so that u(B) = Y, u(By). Since wu,() < +oo, for every
€ > 0 and for every n € N there exists an open set V,, with B, C V, C Q,
such that w,(V,) < un,(By) +€27" = uw(B,) +&27". Let U, =V, N{w > %}.
As w is quasi continuous, the set U, is quasi open. Moreover B, € U, and
wWUy) = un(Vy) < u(B,) +€27". Let Uy = BN{w = 0} and let U be
the union of all sets U, for n > 0. Then U is quasi open, contains B, and
n(U) < u(B) +¢&. Since ¢ > 0 is arbitrary, this proves (5.10).
Let us prove that w is a solution of (5.1). By (5.2) we have

/w”du:/ w”du:/ wdv = (1 — Aw, w) < 400,
Q {w>0} {w>0}

hence w € L2(Q). Let v € Hol"’(Q) NLP(Q). By (5.2) we have v =0 g.e. in
{w = 0}. By the definitions of u and v we have

(Aw, v) + / lwP2wvdu = (Aw, v) + / wPlvdu
Q {w>0}

= (Aw, v) +/

vdv = (Aw,v)—l—/vdv =/de,
{w>0} Q Q

which proves (5.1). The uniqueness of u follows from Lemma 5.4. O
The following density result will be crucial in the proof of Theorem 6.3.

PROPOSITION 5.5. Let u € .Mg (R2), let w be the solution of problem (5.1), and
let B > 1. Then the set {wPy : ¢ € C3° ()} is dense in Hol’p(Q) N Lﬁ(Q).

Proor. First we note that, since w € HO1 P (Q)ﬂLw(Q)ﬂLﬁ(Q) (Remark 3.2)
and B > 1, the function wP¢ belongs to Hol’p () NLE(S2) for every ¢ €
C3(2). To prove the density, for every u € Hol”’ () ﬂLl’j(Q) we have to
construct a sequence (¢,) in Cy°(2) such that (wPy,) converges to u both
in Hol’p () and in L2(Q). Since every function of HyP(Q)n L2(S2) can be
approximated by truncation both in HO1 'P(Q) and in Lﬁ(Q), we may assume

that u € HOI"’(Q)OL"O(Q) ﬂLﬁ(Q) and that u > 0 q.e. in Q2. For every n € N
let u, be the solution of (5.4). By the comparison principles (Propositions 2.5
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and 2.6) and by the homogeneity condition (1.3) we have 0 < u, < cw q.e.

in Q, where ¢! = nIIuII{;l(Q). By Lemma 5.2 the sequence (u,) converges

to u both in HOl 'P(Q) and in LF (). Therefore, in our approximation problem
it is not restrictive to assume also that there exists ¢ > 0 such that 0 < u < cw
g.e. in Q. Since {(u —ce)* > 0} C {w > ¢}, and (u — ce)™ converges to u,
as ¢ — 0, both in Hol'p (2) and in LF(2), we may also assume that there
exists £ > 0 such that {u >0} C {w > ¢}. Then u/wf = u/(wve)b. As
ue HOI”’(Q) N L®(R), we have u/wf € HyP(Q) N L®(). Therefore there
exists a sequence (¢,) in C§°(S2), bounded in L*°(S2), which converges to
z =u/wf strongly in HO1 'P(Q) and quasi everywhere in 2, hence u-ae. in Q.
Since w € Hol’p () N L*(2) and B > 1, the sequence (wPy,) converges to
whz = u strongly in HOI"’(Q). As w € LI(2) N L;’L"(Q) (Remark 3.2) and
B > 1, the function w? belongs to LE(Q)N LEO(Q)- Since (¢,) is bounded in
L>®(2) and converges to z = u/w? p-ae. in Q, by the dominated convergence
theorem the sequence (wf¢,) converges to wfz = u strongly in LE(S). O

6. — y“-convergence: compactness and localization properties
yA-convergence. In this section we introduce the notion of y“-convergence
in M(’)’ (2), which is defined as the convergence of the solutions of the corre-
sponding relaxed Dirichlet problems. When p = 2 and A is the Laplace operator
—A, this notion is defined in [23] in terms of the I'-convergence of the func-
tionals [, |Du|?dx + [, u*dp associated with the relaxed Dirichlet problems.
For the extension of this definition to the case of symmetric linear operators we
refer to [6] and [17]. For the case of non-symmetric linear operators see [21].
The case where A is the subdifferential of a convex functional fQ v (x, Du)dx
defined on Hol’p (), with 1 < p < 400, is studied in [20] by I'-convergence
techniques. The definition we introduce below involves only the solutions of
the relaxed Dirichlet problems (2.1), and coincides with the previous definitions
in all cases already considered in the literature.

DerINITION 6.1. Let (u,) be a sequence of measures of M(’,’ (2) and
let uw € .Mg (). We say that (u,) yA-converges to u (in ) if for every
f € H14(Q) the solution u, of the problem

un € HyP(Q) N L2 (Q),
6.1)
(Au,, v) + / [un|P 2 upvdp, = (f,v) Vve Hol‘p(Q) NLE ()
Q
converges weakly in HO1 'P(Q), as n — o0, to the solution u of the problem
u e HyP(Q)NLE(Q),

6.2) { _ 1
(Au,v) + [ lulP2uvdp = (f,v) VveHyP(QNLESK).
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Let us emphasize the fact that the notion of y“-limit depends on the opera-
tor A. Although the definition depends also on €2, we shall see in Theorems 6.11
and 6.12 that the boundary condition on 32 does not play an important role
in this problem.

REMARK 6.2. Since the solutions of (6.1) depend continuously on f, uni-
formly with respect to p (Theorem 2.3), a sequence (u,) y“-converges to u if

and only if the solutions of (6.1) converge weakly in HO1 "P(Q) to the solution
of (6.2) for every f in a dense subset of H~17(). O

Let (u,) be a sequence of measures of M(’)’ (2) and let u € Mg (2). Let
wy, and w be the solutions of the problems

wy € Hy"(Q NLE (),
(6.3) {

(Awp, v) +/ |wn P2 Wv d iy =/ vdx VYve HOI”'(Q) NLE (),
Q Q

w e Hy'P(2) NLE(Q),
(6.4) , 1
(Aw, v) +/ lwP~*wvdu =/ vdx VYve HO”’(Q) N L,’j(Q).
Q Q

The following theorem characterizes the y“-convergence of a sequence of mea-
sures (u,) in terms of the weak convergence in HO1 "P(Q) of the sequence (wy,).

THEOREM 6.3. Let (u,) be a sequence of measures of M§(Q) and let u €
Mg (R2). Let w, and w be the solutions of problems (6.3) and (6.4). The following
conditions are equivalent:

(a) (w,) converges to w weakly in HO1 P(Q);
(b) (un) yA-converges to ju.

Proor. To prove that (b) implies (a) it is enough to take f = 1 in the
definition of y“-convergence. Conversely, assume that (a) holds true. Given
f € L*°(R2), we consider the solutions u, of problems (6.1). By estimate (2.3)
the sequence (u,) is bounded in Hol’p (£2), so we may assume that (u#,) converges
weakly in HO1 "7 () to some function u. We want to prove that u is the solution
of (6.2). By the comparison principle (Proposition 2.7) and by the homogeneity
condition (1.3) we have |u,| < cw, q.e. in Q, with ¢ = ||f||1L/o(op(S_2;). On letting
n— oo we get |u| <cw g.e. in Q.

For every ¢ > 0 let W.:R — R be the locally Lipschitz function defined
by (4.3) and let v, € H(}’p(Q)ﬂLw(Q) be the function defined by v, = W, (-%£-).

wve
Let us fix ¢ € CP(Q) and B > (p— 1) V1 As w, € Hy?(Q) N LX(Q)
(Remark 3.2), by taking v = wf¢ in (6.1) and v = v,wP¢ in (6.3) we obtain

(At ) + /Q P ugwlodp, = /Q Fulpdx,

(Aw,,,vgwf(p) + /Qlwnlp“2wnv5w£<pdun = /Qvgwf(pdx.
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By subtracting the second equation from the first one we get

(Aun, wEo) — (Aw,, vwfo)

(6.5) +/n|un|p—2unwfgodun—/Qvewf+p—1(0dun
=/fwf(pdx —/vgwf(pdx_
e Q

By Lemmas 4.2 and 4.4 we have

(Aun, who) — (Awy, vawlo)

6.6) + /Q lunl? 2 unwfp dyn — /Q vl dp,
= (Au, wPo) — (Aw, vowhy) + RE,

with

lim limsup |R;| = 0.
e>0 ps00

Since (wy) is bounded in L*°(£2) (Remark 3.2) and converges to w strongly in
LP(2), for every € > 0 we have

lim (/ fw,‘?(pdx —/vgwfwdx) =/fwﬂ(pdx ~/v5wﬁ(pdx.
n—00 Q Q Q Q

Together with (6.5) and (6.6) this implies that
(Au, wPo) — (Aw, vawPo) = / fuwlPpdx — / vewPodx + RE,
Q Q
with
lim |[R?] = 0.
-0

Let v=1—Aw. By Theorem 5.1 w belongs to X(£2), thus v is a non-negative
Radon measure of H~19(2). Therefore we have

(6.7) (Au, wPo) + / vewPpdv = / fwPpdx + RE.
Q Q

As |u| < cw qe. in Q (Remark 3.2), by (4.3) we have |v;| < (c V g)P1 g.e.
in Q. From definition of W, we obtain that (v, w?) converges to [u|P~2 uwh—p+!
quasi everywhere in Q (recall that 8 > p —1). Since v € H~19(Q2) and w?
is bounded (Remark 3.2), we have wfy € LIIJ(Q), and thus, by the dominated
convergence theorem,

lim | vewPodv = / lu|P~ 2 uwf P dv.
Q

e—0 /o
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Therefore (6.7) implies

(6.8) (Au, wPp) +/|u|”_2uwﬁ_p+1(pdv = /waﬂ(pdx.
Q

As |u| <cw g.e. in Q, and w € LE(2), we have u € LE(2) and, by (5.3),

/|u|1’—2uwﬂ—l’+1<pdv =/ P2 uwf " pdv = / lulP2uwPodu,
Q {w>0} Q
and thus (6.8) gives
(Au, wPo) + / lu|P2uwlodu = / fwPpdx Vo € CP ().
Q Q

Since the set {wfg : ¢ € Ci° ()} is dense in Hol’p(Q)ﬂLﬁ(Q) (Proposi-
tion 5.5), it follows that u coincides with the solution of (6.2). Therefore (u,)

y4-converges to u by Remark 6.2, 0

REMARK 6.4. The uniqueness of the y“-limit is an easy consequence of
Theorem 6.3. Indeed, if (i,) y“-converges to w and A, then w satisfies (5.8)
and (5.9), so that u = A by Lemma 5.4. O

Compactness and density properties. The following theorem proves the compact-
ness of MJ(2) with respect to y“-convergence.

THEOREM 6.5. Every sequence of measures of M (S2) contains a y*-con-
vergent subsequence.

Proor. Let (u,) be a sequence of measures of Mg (R2) and, for every
n € N, let w, be the solution of problem (6.3). By Theorem 5.1 each function
w, belongs to the set C(S2) defined at the beginning of Section 5. Since K(2)
is compact in the weak topology of HO1 'P(Q), a subsequence of (w,) converges
weakly in HO1 'P(Q) to some function w € K(2). By Theorem 5.1 there exists
a measure u € M(’)’ (£2) such that w is the solution of problem (6.4). The
conclusion follows now from Theorem 6.3. O

The case of Dirichlet problems in perforated domains is a particular case
of the previous one. It is considered in the following theorem.

THEOREM 6.6. Let (S2,) be an arbitrary sequence of open subsets of Q2. Then
there exist a subsequence, still denoted by (2,), and a measure | € M(‘,’ (2) such
that for every f € H™4(Q) the solution u,, of the problem

up € Hy (),  Aun=f in D'(Q,),

extended by 0 in Q \ ,, converges weakly in HO1 "P(Q) to the solution u of prob-
lem (6.2).
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Proor. The conclusion follows easily from the compactness theorem (Theo-
rem 6.5) and from the fact that each function u, can be regarded as the solution
of problem (6.1) with u, = g, (Remark 2.4). O

Using Theorem 6.3 we can prove the following density result in MZ(Q).
We shall see in Corollary 6.10 that the strong convergence in HO1 "P(Q) of the

sequence (w,) implies the strong convergence in Hol’p (2) of the sequence (u,)
of the solutions of (6.1) for every f € H™19(Q).

PrOPOSITION 6.7. Every measure (i € M{)’ () is the yA-limit of a sequence
(n) of Radon measures of M(’,’ (2) such that the solution w, of (6.3) converges

strongly in Ho1 "P(Q) to the solution w of (6.4).

ProOF. By (5.2) a measure u € M(’)’ (2) is a Radon measure if the solution w
of (6.4) satisfies

6.9) iII}fw >0 for every compact set K C Q2.

Now let wg € H(: '7(Q) be the solution of the equation Awg =1 in Q. By the
strong maximum principle (see [34]) wo satisfies (6.9).

Let us fix u € M(’)’(Q) and let w € K(2) be the solution of (6.4).
For every n € N, let us define w, = w Vv %wo. It is easy to see that w,
is a non-negative subsolution of the equation Au = 1, hence w, € K(£2)
(see, e.g., [30], Theorem 3.23). Moreover the functions w, satisfy (6.9) and
converge to w strongly in HO1 'P(Q). Therefore the measures u, € Mg (2) as-
sociated with w, according to (5.2) are Radon measures and y“-converge to u
by Theorem 6.3. O

Strong convergence and correctors. The following theorem deals with the con-
vergence of solutions, momenta, and energies, when also f varies.

THEOREM 6.8. Let (u,) be a sequence of measures of M§ () which y*-con-
verges to a measure | € Mg () and let (f,) be a sequence in H~19(Q) which
converges strongly to some f € H™19(Q). For every n € N let u,, be the solution
of the problem

un € Hy(Q) N LY (),
(6.10) , 1
(A, 0)+ [ a2y dian = (frr0) Vv HOP@NLE (),
Q

and let u be the solution of problem (6.2). Then the sequence (u,) converges
to u weakly in HO1 "P(Q) and strongly in HO1 () for every r < p. Moreover
(a (x, Du,,)) convergestoa (x, Du) weaklyin L1(2, RV) and strongly in L* (2, RY)
for every s < q. Finally the energy (a(x, Duy), Du,) + |un|” i, converges
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to (a (x, Du), Du) + |ul? u weakly* in the sense of Radon measures on L, i.e.,

lim ( / (a (x, Duy) , Dup) pdx + / lunl”wdun>
n—oo Q Q

(6.11)
:/(a(x, Du),Du)godx+/|u|p‘PdN
Q Q

for every ¢ € Cy(R).

ProoF. For every n € N, let v, be the solution of problem (6.1). By
Theorem 2.3 the sequence (u, — v,) converges to O strongly in HO1 P(Q). By
the definition of y“-convergence, (v,) converges to u weakly in HOl P(Q).
Therefore (u4,) converges to u weakly in Hol’p (£2). Moreover, by Theorem 2.11,
(un) converges to u strongly in H,” (S2) for every r < p, and (a (x, Duy))
converges to a (x, Du) weakly in L9(Q,RY) and strongly in L°(Q2, RY) for
every s < q.

By (6.10) for every ¢ € C§°(€2) we have

/ (@ (x, Duy) , Duy) pdx + / lnlP @ d

Q Q

- / (@ (v, Ditn), D(ung)) dx + / lunlP dpt — / (a (x, Dun), Do) u dx
Q Q Q

= (fn, Unp) — /Q(a (x, Du,) , Do) u, dx .

Since (f,) converges to f strongly in H~19(<2), while (u,) converges to u weak-

ly in HOI’P(SZ) and (a (x, Du,)) converges to a (x, Du) weakly in LI(Q,RY),
we conclude that

3 14
tim (/Q(a(x, Duy), Duy) pdx +/Q|un| wdun>
= (f,up) — / (a (x, Du), Dp) udx
Q
=/(a(x,Du),D(u<p)) dx + / ulPodu — / (a (x, Du), Dg) udx
Q Q Q

_ / @ (x, Du), Du) p dx +/Iul”<0du
Q Q

for every ¢ € C3°(2) (in the second equality we used the fact that u is the
solution of (6.2)). Since the Radon measures (a (x, Du,), Du,,) + |un|P 1, are
non-negative, an easy approximation argument shows that (6.11) holds for every
@ € Co(2). O

. . 1,
We consider now a corrector result for the strong convergence in H, P(Q).
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THEOREM 6.9. Under the assumptions of Theorem 6.8 let (P,) be the sequence
of correctors defined by (3.4), where w, and w are the solutions of (6.3) and (6.4).
Then for every ¢ > O there exists a function u® € Hol'p(SZ) N L®(Q) N Lﬁ(Q),
with ||u — usllHl,p(m < ¢ and |uf| < c®*w for some constant c® > 0, such that the

0
sequence (R;) defined by

(6.12) Du, = Du+u°P, + R

satisfies

(6.13) limsup [|R;llpqmvy < €-
n—>oo

If f € L®(R2), we can take ¢ > 0 and u® = u for every ¢ > Q.

ProoF. When f belongs to L°°(€2) the corrector result is given by Theo-
rem 3.1. When f belongs to H19(Q), for every ¢ > 0, @ > 0, K > 0 we
can choose f® € L*(S) such that || f — félly-14q) < (K&)*. If 2<p < +o00

we choose « = p—1 and K = %C”l/ P, where C is the constant which ap-
pears in 29). If 1 < p < 2, we choose « = 1 and K = M A1, where
M = 3CVRPDIP(|| fll y-1.4i) +&)PP/P~D and C is the constant which
appears in (2.10). We define v, as the solution of problem (6.1), v as the
solution of the analogous problem relative to f¢, and u® as the solution of

problem (6.2) relative to f°. For ¢ > 0 fixed the sequence (v:) converges to u®
weakly in Ho1 'P(Q). From the uniform continuity (Theorem 2.3) we deduce that

€
e =l y1p gy = /2,
(6.14) . <o
on = vallyir gy =< €/2,

while Remark 3.2 implies that #° belongs to L*°(€2) and |u®| < c®w q.e. in £,
with ¢ = || f €||1L/o(op(;2;). The corrector result of Theorem 3.1 asserts that the
sequence (Q:) defined by

6.15) Dv, = Du® +u°P, + Q;

converges to 0 strongly in LP(Q2,RY) when & > 0 is fixed and n — oo.
From (6.12) and (6.15) we obtain

R = Q¢ + (Du® — Du) + (Dv, — Dv.) + (Du, — Dv,).
We then deduce (6.13) from (6.14), (6.15) and from the fact that (u, — v,)
converges to 0 strongly in H,'?(2) by Theorem 2.3. O

CoROLLARY 6.10. Under the assumptions of Theorem 6.8, if the solution w,
of (6.3) converges strongly in HO1 'P(Q) to the solution w of (6.4), then u, converges
. 1p
to u strongly in Hy'" (S2).
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Proor. For every ¢ let u® be the function introduced by Theorem 6.9. As
% is bounded on {w > 0}, if (w,) converges to w strongly in Hol’p (2), then

for ¢ fixed (u®*P,) converges to O strongly in LP (2,RY) . The conclusion
follows now from (6.12) and (6.13). O

Localization properties. We conclude this section by showing the local character
of the yA-convergence. The following theorem deals with the convergence of
local solutions in an open subset U of €2, without any assumption on the
boundary conditions satisfied on dU. For every open set U C 2 the duality

pairing between H~4(U) and H,”(U) is denoted by (-,-),. If we replace Q

by U in (1.12), we obtain an operator from Hol'p(U) to H~14(U), which will
still be denoted by A.

THEOREM 6.11. Let (1) be a sequence of measures of M(’; () which y4-con-
verges in S to a measure |[L € Mg (). Let U be an open subset of <2, let (f,)
be a sequence in H~19(U) which converges strongly to some f € H="4(U), and
let (u,) be a sequence in HP(U) which converges weakly to some u € H"“P(U).
Suppose that

((u, € LE (U") YU' ccU,

6.16) ¢ (Aun,v)y + /Ulunl""2 upnvdp, = (fa, vy

\ Vv e HyP(U)NLE, (U) with supp(v) CC U .
Then
(uell(U) YU ccU,

6.17) ¢ (Au,v)U+/Uiu|””2uvdu = (fivy

\ Vve Hy?(U)NLE (U) with supp(v) CC U .

Moreover, (uy,) converges to u strongly in H' (U) foreveryr < p, and (a (x, Du,,))
converges to a (x, Du) weakly in L4(U, R") and strongly in L*(U,R") for every
s < q. Finally the energy (a (x, Du,), Du,) + |un|? i converges to (a(x, Du),
Du) + |u|P u weakly* in the sense of Radon measures on U.

ProoF. Let us fix an open set U’ CC U and a function { € C5°(U) such
that £ > 0in U and ¢ =1 in U’. Using v = Zu, as test function in (6.16) we
obtain

[ Wl < gy = (At Eutnd < M

for a suitable constant M. By Theorem 2.11 the sequence (u,) converges to u
strongly in H'" (U’) for every r < p, while (a (x, Duy,)) converges to a (x, Du)
weakly in L4(U’, RV) and strongly in LS(U’, RY) for every s < q. Since (u,) is
bounded in H'P(U), and, by the upper bound (1.11), (a (x, Duy,)) is bounded in
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Li(U,RY), from the arbitrariness of U’ CC U we conclude that (u,) converges
to u strongly in H'"(U) for every r < p, while (a(x, Duy,)) converges to
a (x, Du) weakly in L9(U,R") and strongly in L*(U, RY) for every s < g.

Let us fix U’ and ¢ as before and let us consider the function ¢ defined
by ¢(x) = exp(1 — 1/¢(x)), if ¢(x) > 0, and ¢(x) = 0, if ¢(x) = 0. Then
p e CPW), ¢>0in U, ¢ =1 in U’, and @P~! € CP(U). This implies,
in particular, that ?~ v € Hol’p(U) for every v € HLP(U). Let us define
Zn = QUy, 7 = @u, and

Yn = a(x,9Duy +u,D¢) — a(x,9pDu,) ,
v =ax,oDu+uD¢p) —a(x,9Du).

By the homogeneity condition (1.3) for every v € HO1 'P(Q) we have
(a(x, Dz,), Dv) = (Y, Dv) + (a (x, Du,), Dv) p?™!
= (Y, DV) + (a (x, Du,,),D((p”‘lv)) _ (a (x,Du,,),D(<pP-‘))v.
Therefore (6.16) implies that z, is the solution of the problem
zn € HyP (@) NLE (),
(6.18) (Azp, v)g + /QIZhI”_zzwd/Ln = (gn, V)g
Ve HyP(@NLE (Q)),

where g, is the element of H~19(Q) defined by
(gnvhg = [ W DW)Ax + (9P 0)y = [ (atx, i), D)) v
for every v € Hy'?(Q). Let g be the element of H~4(S) defined by

(g, v)g = /U(t/f, Dv)dx + (f, (op_lv)u - /U<a (x, Du),D((p""l)) vdx

for every v € HOl 'P(Q). Let us prove that (g,) converges to g strongly
in H~14(Q). Since (a (x, Du,)) converges to a (x, Du) weakly in L7(U, RY)
and pP~! € CP(U), the last two terms in the definition of g, converge strongly
in H~14(Q) to the corresponding terms in the definition of g. It remains to
prove that (,) converges to v strongly in L4(U,RY). Since (u,) converges
to u strongly in H'"(U) for every r < p, passing to a subsequence, we may
assume that (u,) converges to u and (Du,) converges to Du almost everywhere
in U. Since a(x, -) is continuous, we have also that (y,) converges to ¥ almost
everywhere in U. If 2 < p < 400, by (1.5) there exists a constant C such that

[¥nl? < C (I1Dun 1?2 + [u,|7P"2) |u,|? = C|Dunl???|u,|? + C lun|?
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for ae. x € U. As supp(¥,) C supp(¢), by Hélder’s inequality for every

measurable set £ C U we have

(p-2)/(p—1) q/p
/ wf,,lqusC(/ IDunI”dx) (/ |un|f’dx) +C / lup|Pdx,
E U ENK ENK

where K = supp(gp). Since (u,) converges strongly in L?(K), the sequence
(J¥n1?) is equi-integrable on U. If 1 < p <2, by (1.7) we have

[¥al? < ¢l Dp|P|un|? ae. in U,

and (|¥,|7) is equi-integrable on U in this case too. As (y,) converges to ¥
almost everywhere in U, by the dominated convergence theorem (¥,) con-
verges to ¥ strongly in L9(U,RY). Therefore (g,) converges to g strongly
in H=4(R2). Since (z,) converges to z weakly in Hol’p(Q), by (6.18) and by
Theorem 6.8 the function z is the solution of the problem

ze HyP(@NLLD),
(6.19) _2 1
(Az, v>g+/ 2P zvdp = (g,0)q Ve HEP(@) NLIS).
Q

As ¢ = 1 in U’, we have u = z q.e. in U’, hence u € Lﬁ(U’). Moreover,
if v e Hy?(U) N LE(U) with supp(v) CC U’, then (g, v) = (f,v), and so
(6.19) implies (6.17). The convergence of the energy can be proved as in
Theorem 6.8. d

THEOREM 6.12. Let (1,) a sequence of measures of Mg (2) which y*“-con-
verges in 2 to a measure |1 € Mg (2), and let U be an open subset of Q. Then (1,,)
yA-converges to win U.

PROOF. Let us fix f € H~19(U). For every n € N let u, be the solution
of problem (6.1), with Q replaced by U. By estimate (2.3) we know that a
subsequence, still denoted by (u,), converges weakly in Hol "P(U) to a function
ue Hol’p(U). Then by Theorem 6.11 u € L (U’) for every open set U cclU
and u is a solution of problem (6.17).

It remains to prove that u € LZ(U ). It is easy to construct a sequence (v,)
in Hol’p(U), converging to u strongly in Hol’p(U), such that supp(v,) CC U,
|v,| < |u| q.e. in U, and uv, > 0 q.e. in U. Since u € Lﬂ(U/) for every open
set U’ CC U, each function v, belongs to Lﬁ(U ). We may also assume that
(v,) converges to u quasi everywhere in U and thus by Fatou’s lemma

/lulpdp, < liminf/ ulP 2 uv, du .
U n—>oo U

Taking v = v, in (6.17) we get fU P2 uv,du = (f, v,) — (Au, v,). As
n — oo we obtain fU lulPdp < (f,u) — (Au,u) < 400, and thus u € L{(U).
By Proposition 5.5 the functions v € Hol’p(U) NLL(U) with supp(v) CC U are
dense in Hol’p(U)ﬂLﬁ(U). As u € LE(U), (6.17) implies that u is the solution

of problem (6.2) with 2 replaced by U. Since the limit does not depend on
the subsequence, the proof is complete. ]
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COROLLARY 6.13. Let pn, o € ME(Q). Let (2)ics be a family of open
subsets of Q which covers Q. Then (u,,) y*-converges to p in Q if and only if (1,)
yA-converges to u in Q; for everyi € I.

ProoFr. The conclusion follows easily from the compactness of the y4-con-
vergence (Theorem 6.5), from the localization property (Theorem 6.12), and
from the uniqueness of the y“-limit (Remark 6.4). O
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